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Channel Estimation and Achievable Rate of Massive MU-MIMO
Systems with IQ Imbalance∗
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SUMMARY In-phase and quadrature-phase imbalance (IQI) at
transceivers is one of the serious hardware impairments degrading system
performance. In this paper, we study the overall performance of massive
multi-user multi-input multi-output (MU-MIMO) systems with IQI at both
the base station (BS) and user equipments (UEs), including the estimation of
channel state information, required at the BS for the precoding design. We
also adopt a widely-linear precoding based on the real-valued channel model
to make better use of the image components of the received signal created
by IQI. Of particular importance, we propose estimators of the real-valued
channel and derive the closed-form expression of the achievable downlink
rate. Both the analytical and simulation results show that IQI at the UEs
limits the dowlink rate to finite ceilings even when an infinite number of
BS antennas is available, and the results also prove that the widely-linear
precoding based on the proposed channel estimation method can improve
the overall performance of massive MU-MIMO systems with IQI.
key words: massive MIMO, in-phase and quadrature-phase imbalance
(IQI), achievable rate, channel estimation

1.

Introduction

Massive multi-input multi-output (MIMO) systems can
achieve high spectral and energy efficiency [1], [2], and simple linear precoding approaches such as zero-forcing (ZF)
precoding and matched-filter (MF) precoding are available
[2]–[4]. It is a promising technique for future wireless communication systems [5], [6]. The success of massive MIMO
systems relies heavily on the availability of low-cost and
power-efficient hardware, due to the very large array dimensions at the base station (BS). However, the low-cost radio
frequency (RF) components cause more serious hardware
impairments than the conventional circuits of RF chains.
Thus, the hardware impairments at transceivers should be
taken into consideration when behaviors of massive MIMO
systems are investigated.
Recently, massive MIMO systems with hardware impairments have been studied in many works [7]–[9]. These
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works use additive or multiplicative stochastic models to
characterize hardware impairments, and show that the existence of hardware impairments limits the channel estimation
accuracy, the achievable rate of the system, and so on. Directconversion has been a major scheme to achieve simplified and
low-cost transceiver design [10]. In-phase and quadraturephase imbalance (IQI) caused by the limited accuracy of
analog hardware as well as temperature variation and aging,
is one important factor of hardware impairments closely associated with direct-conversion. Previous works have proved
that IQI leads to performance degradation, since it twists the
modulation constellations directly [11]. Consequently, user
experience is deteriorated due to IQI [12].
To design a precoding matrix, channel state information is required at the BS. Most massive MIMO systems
use the time-division duplex (TDD) mode and acquire the
channel state information in the uplink. For the uplink of
massive MIMO systems with IQI, some methods to estimate
the uplink equivalent channel, and to eliminate IQI influence
have been proposed [12]–[15]. A pilot-based joint estimator of the channel and a low-complexity IQI compensation
scheme based on IQI coefficients estimation were proposed
in [13]. The RF-aware digital beamforming method developed in [12], named the widely-linear minimum variance
distortionless response beamformer, can provide efficient
beamsteering and interference suppression. The low resolution problem is considered in [14], and it is assumed that
a high precision IQI detector is adopted at the BS and that
IQI parameters of the circuits of the transmitter (TX) and
receiver (RX) are the same. In [12]–[14], only the IQI at the
BS is considered. Behaviors of the achievable rate for uplink
MU-MIMO system with IQI at both the BS and user equipments (UEs) were investigated in [15], which proposed an
IQI aware widely-linear channel estimation and data detection scheme, while taking mirror signals as an interference
for a complex model. It reveals that in the uplink the IQI at
the UEs has more serious impact than the IQI at the BS.
However, IQI leads to mismatch between the uplink and
downlink channels. More attention needs to be paid to the
impact of IQI on the downlink of massive MIMO, which is
affected by TX IQI at the BS and RX IQI at the UEs, as well
as TX IQI at the UEs and RX IQI at the BS. The downlink
of the massive MIMO systems with IQI was investigated in
[16]–[20]. The effective channel estimation and the sum rate
analysis for the downlink were developed in [16], [17], which
treat the image signal (i.e., the conjugate of the original signal for single carrier systems) as interference. Actually, the
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image signal still contains the transmitted information. IQI
only at the BS is studied in [18], where an IQI-aware widelylinear regularized ZF precoding method was proposed to
reduce the impact of IQI. A compensation scheme of channel reciprocity was proposed in [19], and some widely-linear
precoding methods were proposed for massive MU-MIMO
systems with IQI in [20], assuming perfect channel information of the downlink. The channel estimation is affected by
IQI, and the estimation of the downlink equivalent channel
is hard and very costly due to the channel mismatch between
the uplink and the downlink. However, the downlink of massive MIMO systems with IQI at both the BS and UEs has
not been well investigated yet.
Motivated by aforementioned discussion, we focus on
the downlink of massive MIMO systems with IQI at both
the BS and UEs, and we adopt the widely-linear precoding
method as it makes good use of image signals. The main
contributions of this paper are summarized as follows:
• We investigate the impact of IQI on the estimation of
the uplink real-valued equivalent channel with the least
squares (LS) criterion. We adopt training sequences
with a length that is twice the number of users, which
can achieve a similar performance as in the hardware
without IQI [17].
• We propose a joint estimation method for the wireless
channel and IQI parameters to eliminate the impact of
the TX IQI at the UEs and RX IQI at the BS in the
uplink. The wireless channel and the parameters of RX
IQI at the BS and TX IQI at the UEs are estimated in
the proposed algorithm.
• We evaluate the achievable rate of the downlink system
with widely-linear precoding including the estimated
channel when IQI exists. Results show that IQI at the
UEs limits the rate to a finite ceiling even when a large
number of BS antennas is available. Results also reveal
that the precoding based on the proposed channel estimation methods can improve the system performance.
Moreover, for IQI at the BS, the performance is more
sensitive to the amplitude imbalance, and for IQI at the
UEs, the performance is more sensitive to the phase
imbalance.
The remaining part of this paper is organized as follows. The augmented real-valued system model is presented
in Sect. 2. Section 3 provides the uplink equivalent channel estimation and the joint estimation of wireless channel
and IQI parameters. Section 4 derives the large-numberapproximation expression of the achievable rate of systems
with IQI at TX and RX. Simulations results are shown in
Sect. 5, and finally Sect. 6 concludes this paper.
Notation: Let the superscripts (·) ∗ , (·)T , (·) −1 , k · kF
denote the conjugate, transpose, inverse and Frobenius norm
of a matrix, respectively. Let [A]s,: , [A]:,l and [A]s,l denote
the sth row, the lth column and the element on the sth row
and the lth column of the matrix A, respectively. I N and
0 N denote the N × N identity matrix and zero matrix, respectively, and Ĩ2N is a 2N by 2N block diagonal matrix

in which the diagonal blocks are respectively I N and −I N .
diag(a) returns a diagonal matrix with elements of the vector
a as the diagonal elements. tr(·) and E{·} stand for the trace
and expectation operators, respectively. A complex Gaussian stochastic vector x is denoted as x ∼ CN (θ,Σ), and a real
Gaussian stochastic vector x is denoted x ∼ N (θ, Σ), where
θ and Σ are the the mean vector and the covariance matrix
of vector x, respectively.
2.

System Model

Consider a single cell large-scale antenna systems with M
single-antenna users and one base station equipped with N
antennas, N  M. We assume that the system operates
in the TDD mode, and the channel state information is acquired via uplink training sequences at the BS. Here we
consider a single-carrier system, and we believe that the
multi-carrier transmission, such as OFDM, can be analyzed
similarly, which will be left as future work due to the limited
space of the article.
The transmitted and received signals with IQI are generally expressed based on the primary signal and its conjugate
(i.e., image signal) [17], [20]. In order to make the best use
of the image component caused by IQI of the received signal,
some augmented signal models have been represented in the
related works [12], [20], [21]. Referring to these models,
we reformulate the real-valued signal model for the received
signal by separating it into signals’ real and imaginary parts.
For the sake of analysis simplicity, we present the signal
model based on the equivalent channel matrices.
Firstly, the complex to real (C-R) mapping functions
are given below
"
#
"
#
<(ac )
<(Ac ) −=(Ac )
a=
, A=
,
(1)
=(ac )
=(Ac ) <(Ac )
where a ∈ R2N×1 and A ∈ R2N×2M are the functions with
respect to vector ac ∈ C N ×1 and matrix Ac ∈ C N ×M , respectively.
We assume the channel independence among different
antennas, and adopt a Rayleigh fading channel model. Let
hc,m ∈ C N ×1 denote the complex channel response vector of
the wireless propagation channel from the mth UE to the BS,
whose entries are independent and identically distributed
(i.i.d) random variables and follow CN (0,1). Let Hc =
[hc,1, · · · , hc, M ] denote the channel matrix between the BS
and UEs. Note that Hc only describe the wireless channel,
while the equivalent channel contains the wireless channel
and the transceiver RF channels.
In the downlink, let d c,m denote the symbol transmitted
from the BS to the mth user, where d c,m for 1 ≤ m ≤ M are
i.i.d random variables following CN (0, PMBS ), and let dc =
[d 1, · · · , d M ]T ∈ C M×1 denote the symbol vector transmitted
by BS. The BS applies a precoding technique to d to yield
x = Wd ∈ R2N ×1 , where W ∈ R2N ×2M is the precoding
matrix and d ∈ R2M×1 is the C-R mapping of dc .
Denoting the C-R mapping of Hc as H ∈ R2N ×2M , the
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vector yD ∈ R2M×1 of real-valued received signals of all UEs
in the downlink can be written as
yD = KD,r Ĩ2M HT Ĩ2N KD,t x + KD,r vD,
|
{z
}

(2)

HD,eq

where HD,eq ∈ R2M×2N denotes the equivalent channel of the
downlink, which contains the RF channel at the transmitter,
the wireless channel and the RF channel at the receiver. Ĩ2M
and Ĩ2N are applied to ensure the transposition relationship
of the complex wireless channels between the downlink and
2
uplink. Here vD ∼ N (0, σ2 I2M ) represents the real additive
white Gaussian noise of 2M branches at all UEs, and KD,r ∈
R2M×2M , KD,t ∈ R2N ×2N stand for matrices of the RX IQI
at the UEs and the TX IQI at the BS, which are defined as
 K1
 K1
K2D,t 
K2D,r 
D,t
 , KD,r =  D,r
.
KD,t =  3
(3)
4
3
 KD,t KD,t 
 KD,r K4D,r 
In (3), KiD,t ∈ R N ×N and KiD,r ∈ R M×M , i = 1, 2, 3, 4 are
diagonal matrices, and their entries are given by
q
BS
BS 2
[K1D,t ]nn = (1+ BS
t,n ) cos(θ t,n /2)/ 1+( t,n ) ,
q
BS
BS 2
[K2D,t ]nn = (1− BS
t,n ) sin(θ t,n /2)/ 1+( t,n ) ,
(4)
q
BS
BS ) 2,
[K3D,t ]nn = (1+ BS
1+(
)
sin(θ
/2)/
t,n
t,n
t,n
q
BS
BS 2
[K4D,t ]nn = (1− BS
t,n ) cos(θ t,n /2)/ 1+( t,n ) ,
and
q
UE
UE
UE ) 2,
[K1D,r ]mm = (1+ r,m
) cos(θ r,m
/2)/ (1+( r,m
q
UE
UE
UE ) 2,
[K2D,r ]mm = (1+ r,m
) sin(θ r,m
/2)/ (1+( r,m
(5)
q
UE
UE
UE ) 2,
[K3D,r ]mm = (1− r,m
) sin(θ r,m
/2)/ (1+( r,m
q
UE
UE
UE ) 2 .
[K4D,r ]mm = (1− r,m
) cos(θ r,m
/2)/ (1+( r,m
q
The IQI model above is symmetric, and 1/ 1 +  ·· 2 is applied to ensure that the signal power is same with the ideal
UE , θ UE represent the amplitude and
branches case. Here  r,m
r,m
the phase imbalance of RX RF chain at the mth UE, and  BS
t,n ,
BS denote the amplitude and the phase imbalance of the nth
θ t,n
TX RF chain at the BS. In the ideal branches case where
no IQI exists at the BS and UEs, parameters of amplitude
and phase imbalance are equal to 0, i.e. KD,t = I2N and
KD,r = I2M .
In the uplink, let sc = [s1, · · · , s M ]T ∈ C M×1 denote
the transmitted data symbols of M UEs, and assume that each
UE has the same transmit power PUE , i.e. E{|si | 2 } = PUE .
Denoting the C-R mapping of sc as s ∈ R2M×1 , the realvalued received signal yU ∈ R2N ×1 in the uplink can be
expressed as
yU = KU,r HKU,t s + KU,r vU,
| {z }
HU,eq

where HU,eq ∈ R2N ×2M denotes the uplink equivalent chan2
nel, and vU ∼ N (0, σ2 I2N ) represents the real additive white
BS , θ BS and
Gaussian noise of all branches at the BS. Here  r,n
r,n
UE
UE
 t,m, θ t,m represent parameters of the RX IQI at the BS and
the TX IQI at the UEs, respectively. Similar to (3), KiU,r
and KiU,t , i = 1, 2, 3, 4 are the block matrices of KU,r and
KU,t , which have the same forms as (4) and (5), except that
BS , θ BS and  UE , θ UE substitute  UE , θ UE and  BS, θ BS , re r,n
r,n
r,m r,m
t,m t,m
t,n t,n
spectively.
Remark: By splitting each complex channel into I and
Q real channels, the real-valued model can be treated as
2M × 2N IQI-related MIMO. In the real-valued model, receivers can extract the transmit information from the image
signal, which is treated as interference in the complex-value
model. Using the image signal will help us to improve the
performance of massive MIMO systems.
3.

Channel Estimation

The uplink equivalent channel state information acquired by
the BS is used to design precoding matrices for the downlink transmission. In this section, we provide an equivalent
channel estimation scheme with the LS criterion. At first,
IQI compensation is not considered. In order to mitigate
the effect of the TX and RX IQI in the uplink, we further
propose a joint estimation method for the wireless channel
and IQI parameters.
Let Str,c ∈ C M×τ denote the matrix of training sequences, where τ is the length of the training sequences
for each user. With Str = [<(STtr,c ) =(STtr,c )]T , the realvalued received signal YU,tr ∈ R2N ×τ for training sequences
is written as
YU,tr = HU,eq Str + KU,r VU,tr,

(7)

where VU,tr ∈ R2N ×τ represents the noise matrix, whose
2
entries follow the distribution N (0, σ2 ).
3.1

Equivalent Channel Estimation

In this subsection, we assume that the TX and RX IQI is unknown. We derive the equivalent channel estimation method
with the aid of training sequences and assume that τ ≥ 2M,
since 2M equivalent channels need to be estimated. The LS
estimation of equivalent channel HU,eq is expressed as
ĤU,eq = YU,tr STtr (Str STtr ) −1 .

(10)

The mean squared error (MSE) of the channel estimation
results is given by
MSEHU,eq = E{k∆eq kF2 } = tr(E{∆Teq ∆eq })


= tr (Str STtr ) −1 Str E{VTU,tr KTU,r KU,r VU,tr }STtr (Str STtr ) −1 ,
(11)

(6)
4

where ∆eq = ĤU,eq − HU,eq denotes the estimation error
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N
P

([ĤU,eq ]n,m [ĤU,eq ]n,m0 +[ĤU,eq ]n0,m [ĤU,eq ]n0,m0 )
n=1
UE
*
+ =P
,
sin
θ̂
=
,
t,m s
UE
N
2
2
N
N
P
P
n=1 ([ĤU,eq ]n,m0 +[ĤU,eq ]n0,m0 )
, 1− ˆt,m ([ĤU,eq ]2n,m +[ĤU,eq ]2n0,m )
([ĤU,eq ]2n,m0 +[ĤU,eq ]2n0,m0 )
1+ ˆUE
t,m

2

2
2
n=1 ([ĤU,eq ]n,m +[ĤU,eq ]n0,m )

PN

n=1

PM
BS 2
[Ĥ ]2 +[ĤU,eq ]2n,m0
1+ ˆr,n
BS
+ = P m=1 U,eq n,m
*
, sin θ̂ r,n
=s
BS
M
2
2
1−

ˆ
[
Ĥ
]
+[
Ĥ
]
M
0
0
0
U,eq
U,eq
r,n
P
m=1
,
n ,m
n ,m
m=1

Proposition 1: In a special case where Str,c ∈ C M×τ satH = P I , S ST = 0, when N → ∞, the
isfies Str,c Str,c
UE M tr,c tr,c
average estimation error approaches the one of the ideal
branches case, whose variance results in
2
σeq

σ2
=
.
PUE

(12)

Proof 1: See Appendix B.1.
Remark: In our proposed estimator, it is assumed that
the length of training sequences satisfies τ ≥ 2M in order to distinguish 2M equivalent channels. In contrast, in
the complex-valued system model, the real-valued training
sequences with τ = M is appropriate for the channel estimation. Since complex-valued training sequences with τ = M
can be extended to 2M × 2M dimensions, training sequences
with length M can be applied for the estimation of real-valued
channels which needs further study. Due to the limited article space, designs of optimal training sequences will be left
for future work.
Wireless Channel and IQI Parameters Estimation

As mentioned above, parameters of the TX and RX IQI at
the UEs and the TX and RX IQI at the BS are independent.
Intuitively, elimination of the TX and RX IQI in the uplink
can improve the system performance. Thus, we develop a
joint estimator for the wireless channel and the parameters of
the TX at the UEs and RX at the BS, based on the estimated
equivalent channel in Sect. 3.1. Then, the estimation of the
wireless channel is used in the precoding design for the
downlink transmission.
3.2.1

n=1

[ĤU,eq ]n,m [ĤU,eq ]n0,m +[ĤU,eq ]n,m0 [ĤU,eq ]n0,m0

m=1

.

([ĤU,eq ]2n,m +[ĤU,eq ]2n,m0 )

1 +  UE
t,m

matrix.

3.2

M
P

With IQI at the UEs only

Assume that the perfect equivalent channel is available at the
BS. When IQI only exists at the UEs, we can easily obtain
the expressions of the IQI parameters from the expression of
the equivalent channel in (2) as

(8)

1 −  UE
t,m

v
t
=

M
P
m=1

(9)

([ĤU,eq ]2n0,m +[ĤU,eq ]2n0,m0 )

[HU,eq ]2n,m + [HU,eq ]2n0,m
[HU,eq ]2n,m0 + [HU,eq ]2n0,m0

,

[HU,eq ]n,m [HU,eq ]n,m0+[HU,eq ]n0,m [HU,eq ]n0,m0
UE
,
sinθ t,m
=
q
2
([HU,eq ]2n,m+[HU,eq ]2n0,m)([HU,eq ]2n,m+[H
0
U,eq ]n0,m0)
where (n, n 0 ) stands for the index pairs of the I and Q branches
at an RF chain, and n 0 is defined as
(
n + N,
1 ≤ n ≤ N,
n0 =
(13)
n − N, N + 1 ≤ n ≤ 2N,
and the operator ‘0’ can be applied to other index, such as m.
When the estimated equivalent channel is applied at the
BS, referring to the expressions of parameters of TX IQI at
the UEs above, the estimation for IQI parameters from the
estimated equivalent channel in the uplink can be given in
(8).
When the parameter of IQI at the UEs are estimated,
the wireless channel can be acquired by IQI compensation,
which is expressed as
Ĥ = ĤU,eq K̂−1
U,t ,
UE
where K̂U,t is obtained by substituting ( UE
t,m, θ t,m ) with
UE
( ˆUE
t,m, θ̂ t,m ) in KU,t .

3.2.2

With IQI at the BS only

Similarly, when IQI only exists at the BS, based on the
expression of the equivalent channel in (2), the estimation
for IQI parameters based on the estimated equivalent channel
can be written as (9). Since the number of users is limited
and much smaller than that of BS antennas, the estimation
error of IQI parameters is closely related to the estimation
error of the equivalent channel.
The wireless channel can be acquired from the estimated IQI parameters as
Ĥ = K̂−1
U,r ĤU,eq,
BS , θ BS ) with
where K̂U,r is obtained by substituting ( r,n
r,n
BS
BS
( ˆr,n, θ̂ r,n ) in KU,r .
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Algorithm 1 : Wireless Channel and IQI Parameters Estimation
Input:
Estimation results of the uplink equivalent channel ĤU,eq as shown in
(10), and a given threshold σ02 .
Output:
−1

r, (i−1) (i−1)
Estimation of the wireless channel as Ĥ = ĤU,eq
K̂U, t .
r, (0)
1: ĤU,eq
= ĤU,eq , i = 1.

2: while σ 2 (i) > σ02 do
3:
Compensation for TX IQI at the UEs: From (8), BS estimates
UE , } M based on Ĥr, (i−1) , and gets the estimation ma{t,UEm, θt,
m m=1
U,eq
(i)
trix K̂U,
t . Then, BS acquires the equivalent channel after TX IQI
−1

t, (i)
(i)
compensation as ĤU,eq
= ĤU,eq K̂U,
t .
Compensation for RX IQI at the BS: From (9), BS estimates
UE , } N based on Ĥ t, (i) , and gets the estimation matrix
{t,UEn, θt,
n n=1
U,eq

4:

(i)
K̂U,
r . Then, BS acquires the equivalent channel after RX IQI com-

and estimation error of the uplink equivalent channel, the
analytical results of the estimation error is too complicated to
be obtained, which will be evaluated by numerical simulation
in Sect. 5.
4.

Achievable Downlink Rate Analysis

In this section, we investigate the achievable rate of the downlink for the systems with IQI. To facilitate the analysis, the
approximation of the average rate is derived with ZF precoding techniques. More precisely, we obtain the asymptotic
expression for the extreme case where N → ∞ or PBS → ∞.
The transmit precoding matrices for the downlink are designed based on the estimated equivalent channel and estimated wireless channel from the uplink as shown in Sect. 3.
The average rate for a single cell is given by

−1

r, (i)
(i)
pensation as ĤU,eq
= K̂U,
r ĤU,eq .

5:
Error Calculation: σ 2 (i) =
6: end while

3.2.3

r, (i) r, (i−1) 2
k ĤU,eq
−ĤU,eq k F

4M N

R=

, i = i+1.

With IQI at Both the BS and UEs

When IQI exists at both the BS and UEs, we estimate parameters of the TX IQI at the UEs and RX IQI at the BS
iteratively, and then obtain the wireless channel state information. The wireless channel can be acquired from the
estimated IQI parameters as
−1
Ĥ = K̂−1
U,r ĤU,eq K̂U,t .

The processing procedure is shown in Algorithm 1. Here the
first step of the algorithm is estimating the parameters of TX
IQI, instead of RX IQI, because the parameters estimation
of IQI at the UEs is more accurate than that of IQI at the BS,
since the number of BS antennas is much larger than that of
users. Note that the average squared error of the 2M × 2N
elements between neighboring iterations is calculated as the
termination condition of the algorithm.
When the transmission power of training sequences
2 → 0. Then, espegoes to infinity, we can obtain that σeq
cially when N → ∞, K̂U,t → KU,t . Further, we can get that
K̂U,r → KU,r after the compensation of TX IQI at the UEs.
The estimation of IQI parameters will be more accurate with
more iteration times. However, the computational cost increases with the iteration times. There is a tradeoff between
the computational cost and the estimation accuracy. From
simulation results in Sect. 5, we find out that one iteration
can provide an acceptable accuracy of the estimated wireless
channel.
The variance of the estimation error of the wireless
channel is expressed as
2
σH
= E{k Ĥ − HkF2 }.

(14)

Since the estimation of the wireless channel is corresponding
to a number of coefficients, such as four coefficients of IQI

(
)
2M
1
1 X
E
log2 (1 + SINRm ) ,
M m=1
2

(15)

where the expectation is taken with respect to the wireless
propagation channel, and SINRm represents the received
signal-to-interference-plus-noise rate (SINR) for the mth
branch. Here we treat each I or Q branch at all UEs as a
link, and the real-valued model of the received signal is applied. Thus, the expression of achievable rate in (15) has 2M
SINR and a factor 12 .
4.1

Precoder Based on Uplink Equivalent Channel

Based on the estimated equivalent channel ĤU,eq in Sect. 3.1,
the precoding matrix W for the downlink is expressed as
q
W = βeq Ĩ2N ĤU,eq (ĤTU,eq ĤU,eq ) −1 Ĩ2M ,
(16)
where βeq is the power normalization factor which ensures
the transmit power constraint E{kxkF2 } = E{kdkF2 }, i.e.,
tr(WWT ) = 2M. Thus, the normalization factor is given
by
βeq =

2M
tr



(ĤTU,eq ĤU,eq ) −1

.

Proposition 2: The BS transmits signal by applying the ZF
precoder based on the estimated uplink equivalent channel.
When N → ∞, the normalization factor can be approximated
as
◦
βeq
= (N− M)

Mtr(KTU,r KU,r )


2 I
−1
Ntr (KTU,t KU,t +2σeq
2M )

,

(17)

2 is the average estimation error of the equivalent
where σeq
channel.

Proof 2: Refer to Appendix B.2.
With the precoding matrix W, the received signal at the
mth branch in the downlink can be written as
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1

2M
q X
q
[G]mi d i+[KD,r ]m· vD,
yD,m= βeq [G]mm d m+ βeq

2
BS 2
ζt1 = E{1/(1+ BS
t,n )}, ζr1 = E{1/(1+ r,n )},

i=1,i,m

3

(18)
where G = HD,eq Ĩ2N ĤU,eq (ĤTU,eq ĤU,eq ) −1 Ĩ2M .
Notice that we assume the I and Q branches at the UEs
are detected independently. In (18), the first term is the
effective signal we want, the second term is the interference for the mth branch from other branches which includes
two parts, the interference from branches of other UEs, i.e.
2M
{d i }i=1,i,m,m
0 and from the corresponding branch at the same
UE, i.e. d m0 . The last term is the noise.
Proposition 3: When the ZF precoder with the estimated
equivalent channel is applied at the BS, the approximation of
SINR for the mth branch with a large number of BS antennas
can be expressed as
◦ G
βeq
mm

SINRm=
◦
βeq

2M
P

G mi +

i=1,i,m

,

(19)

M σ2
PBS

with
Gi j = [KD,r Ĩ2M T(KTU,t ) −1 Ĩ2M ]2i j ,

(20)

in which the elements of T are expressed as
q
[T]i j = ( D̄i j + D̃i j )/D j ,

1

2 2
BS 2 2
ζt0 = E{1/(1+ BS
t,n ) }, ζr0 = E{1/(1+ r,n ) },

BS 2
BS 2 2
BS 2
BS 2 2
ζr2 = E{ r,n
/(1+ r,n
) }, ζr3 = E{ r,n
/(1+ r,n
) },
BS
BS
ξt0 = E{cos(θ t,n
/2)}, ξr0 = E{cos(θ r,n
/2)},
BS
BS
ξt1 = E{cos θ t,n
}, ξr1 = E{cos θ r,n
},
BS
BS
ξr2 = E{cos2 θ r,n
}, ξr3 = E{cos3 (θ r,n
/2)},

Proof 3: See Appendix B.3.
Proposition 3 describes the impact of IQI on the SINR
per branch. We know that γ ·· are bounded only by parameters
of IQI at the BS and UEs, irrespective of the number of
antennas at the BS. Therefore, when IQI only exists at the
UEs, G mm, G mm0 = O(1) and G mi = O( N1 ), i , m, m 0.
Since βeq is linear with N, we can easily find that the SINR
is bounded as the number of BS antennas or the BS transmit
power goes to infinity. However, when IQI only exists at
the BS, G mm0 = O( N1 ), which means the SINR increases
without bound as N → ∞. Note that when the BS and the
UEs have ideal IQ branches, the SINR increases without
bound as N → ∞ or PBS → ∞.
Taking proposition 3 into (15), we can obtain some
corollaries about the achievable rate as follows.
Corollary 1: When the BS transmits signals with ZF precoding based on the estimated equivalent channel, as N →
∞, the average achievable downlink rate with IQI at the UEs
has the asymptotic property as

(21)
lim R =

N →∞

where

2M


1 X
log2 1 + SINR∞
i ,
2M i=1

(23)

with

2 2
2 U
D j = (1+2η j σeq
) (N +1) + 4η j σeq
γ3 ,


(N +1)γ1D,
j =i,




D
U
M
0

D̄i j =  γ2 +γ2 −2γ2 , j =i ,


U
M
 (1+γ −2γ )/2, else,
3
3

2,

η i σeq
j =i,

f
g
D̃i j =
 η i γ U+η j (1+γ U−2γ M )+2η i η j γ Uσ 2 σ 2 , else.
eq
3
3
3
3 eq

2
−1 2
·
Here η i = [K−1
U,t ]ii + [KU,t ]i0 i , and γ · are determined by the
parameters of IQI, which are defined as

*
SINR∞
i =

−1 0
0
[KD,r ]ii [K−1
U,t ]ii + [KD,r ]ii [KU,t ]i i

−1
,[KD,r ]ii [KU,t ]i0 i

2

+ .
0 0
+ [KD,r ]ii0 [K−1
U,t ]i i -

The gap between the average achievable downlink rate in the
ideal branches case and the rate with IQI only at the BS has
the asymptotic property as

lim ∆R

N→∞

2 2 2 2
γ1D = ζt0
ζr0 ξt0 ξr0, γ1M =ζt0 ζr0 ξt0 ξr0,

oBS

f
g
2 )γ U−2γ M
γ3U+ PσBS2 1+(1+2σeq
3 +
3
*
/.
= log2 .
2 )
γ1D /(1+2σeq
,
(24)

γ2D = −(2ζt1 ζr1 −ζt1 −ζr1 )−ξt1 ξr2 /2+1/2,
γ2U = (4ζr2 −1)ξr2 +1,
γ2M = 2ζt0 ξt0 [ζr0 (ξr0 −ξr3 )+ζr3 (2ξr3 −ξr0 )],
γ3U = (4ζr2 −1)ξr2 + 2,

(22)

Proof 4: Since [T]ii = O(1) and [T]i j = O( N1 ), j , i, (23)
follows directly from (15) and (19).
In the ideal IQ branches case, the achievable rate is
given by

γ3M = ζt0 ξt0 [ζr0 (3ξr0 −2ξr3 )+2ζr3 (2ξr3 −ξr0 )],
where

R

ideal

= log2 *1+
,

(N − M) MPBS
σ2

+.

PBS 2
2
σ +1+2σeq
σ 2 eq

(25)
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UE
When IQI only exists at the BS, i.e.  UE
· = 0, θ · = 0, we have
−1
KD,r = KD,r = I M and η i = 1 in (20) and (21). Based on
(19), the average rate with IQI only at the BS, RoBS , can be
expressed as
2 )
(N +1)γ1D /(1 + 2σeq
+/ ,
RoBS = log2 *.1+
2 )γ U−2γ M ]+ M σ 2 γ U
M[1+(1+2σ
eq 3
PBS 3 3
,

which applies the approximation that γ2D +γ2U −2γ2M ≈ 1+γ3U−
2γ3M . Thus, the asymptotic property of ∆RoBS = Rideal−RoBS
can be given as (24).
Corollary 1 shows that the existence of IQI at the UEs
limits the achievable rate to a finite ceiling, which is only
determined by the parameters of IQI at the UEs. Notice
that when IQI of UEs only has amplitude imbalance, the
achievable rate will grow without bound as N goes to infinity,
which reveals that the phase imbalance at the UEs plays a
more important role on the achievable rate. Moreover, when
the IQI only exists at the BS, the rate increases without bound,
which has a gap determined by the number of UEs and the
estimation error compared with the ideal IQ branches case.
It means that the impact of IQI at the UEs is much higher
than that of IQI at the BS. Moreover, we know the IQI at the
UEs is more serious than the IQI at the BS [11], which also
indicates the IQI at the UEs has more adverse influence on
the achievable downlink rate.
Corollary 2: With ZF precoding based on the estimated
equivalent channel in the uplink, the average achievable
downlink rate with IQI at both the BS and UEs has the
following asymptotic property as PBS → ∞:
+
*.
2M
1 X
G mm //
.
// .
lim R =
log .1+
2M
PBS →∞
2M m=1 2 ..
P
G mi/
, i=1,i,m -

(26)

Proof 5: The proof follows directly from (15).

independent. The existence of IQI in the uplink still affects
the performance of the downlink, even though the TX and
the RX at the downlink have the ideal IQ branches. Thus,
we investigate the achievable downlink rate with ZF precoder
with the wireless channel to eliminate the impact of the TX
and RX IQI in the uplink. The information of the wireless
channel can be acquired by the estimator in Sect. 3.2. The
performance of the receiver with ZF precoding based on the
estimated wireless channel can be easily obtained from the
analysis results in Sect. 4.1, by setting KU,r = I2N , KU,t =
2 with σ 2 . From the result in (23),
I2M and substituting σeq
H
we can easily find out that the TX IQI at the UEs has a similar
impact as the RX IQI at the UEs. Thus, the ceilings caused
by TX at the UEs will be improved by mitigating the effect
of TX and RX IQI.
5.

Numerical Results

In this section, we verify our analysis by simulations. In
all the simulation scenarios, we assume that the parameters of the amplitude and phase imbalance, i.e.,  ·· and θ ··
mentioned above, are drawn from Gaussian distributions
N (0, σ2 ) and N (0, σθ2 ), respectively. When measured in
dB, σ is computed as 20 log10 (1 + σ ). The signal-tonoise ratio (SNR) for each stream at the BS is defined as
SNR= 10 log10 (PBS /σ 2 ). We adopt the discrete Fourier sequences with length τ = 2M as training sequences, which
satisfy the assumption in Proposition 1. For different cells,
the values of the IQI at the BS and UEs are different. We
investigate the average performance of cells which have the
similar BS and UEs hardware implementations, i.e. the coefficients of IQI have the same distribution.
Note that in Figs. 1–7, four scenarios are considered as
follows, ideal IQ branches (red lines), IQI only exists at the
UEs (black lines), IQI only exists at the BS (blue lines), and
IQI exists at both the BS and UEs (magenta lines), which
are marked as “ideal”, “ue IQI”, “bs IQI” and “ue&bs IQI”,
respectively.
Firstly, we exemplify the impact of IQI on the ac-

This corollary reveals that the achievable downlink rate
converges to a finite ceiling as PBS → ∞. Notice that when
there is no IQI, we know that the ceiling of the achievable rate depends only on the estimation error of the uplink
channel which destroys the orthogonality of the inter-user
reception when the ZF precoding technique is used. Here,
the difference between TX IQI and RX IQI at the BS also
contributes to the orthogonality destruction. As well, the
existence of IQI at the UEs introduces the interference from
the corresponding I or Q branch at the same UE.
4.2

Precoder Based on Wireless Channel

In Sect. 4.1, we consider the ZF precoder based on equivalent
channel, since it’s generally used in systems protocol with the
TDD mode. As mentioned above, the hardware impairments
of the TX and RX at the BS and TX and RX at the UEs are

Fig. 1 MSE of the equivalent channel and the wireless channel estimation
in Sect. 3 versus SNRU , for N = 128, M = 10.
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Fig. 2 Achievable average downlink rate versus the number of BS antennas, M=10, SNR=20 dB, (σ , σθ ) = (1 dB, 2◦ ).

curacy of channel estimators proposed in Sect. 3. Figure 1 shows the estimation error of the real-valued channel as a function of SNR in the uplink which is defined as
SNRU = 10 log10 (PUE /σ 2 ). For the estimator of the uplink
equivalent channel (marked as “HU,eq ”), curves of MSE of
the uplink equivalent channel overlap that of the ideal IQ
branches case in Fig. 1, and the estimation error is inversely
proportional to SNRU . It reveals that the impact of IQI can
be removed for estimation of the uplink equivalent channel, which coincides with Proposition 1. For the proposed
estimator of the wireless channel (marked as “H iteration
1/2/5”), the estimation error has a non-zero error floor at
high SNRs only when both BS and UEs have IQI, and the
floor can be lowered by increasing the number of iteration in
Algorithm 1. Taking (σ , σθ ) = (2 dB, 5◦ ) as an example,
MSE of the wireless channel is close to the floor when SNR
reaches about 40 dB, and the floor is close to zero when the
number of iteration times is 5. Compared with the traditional
method ignoring IQI (marked as “H traditional”), the superiority of the proposed wireless channel estimation method
gets more obvious when IQI gets more severe. Moreover,
we find out that the performance of the proposed method is
close to that of the channel estimation with the perfect IQI
information (marked as “H know IQI”) that is under the result of “H iteration 5” in Fig. 1, when the number of iteration
times is 5, even with severe IQI. It should be noted that the
estimator with one time iteration is acceptable in practical
applications, because (i) it has lower computational cost, and
(ii) the improvement brought by more iteration times is small
when SNRU ≤ 30 dB and the higher SNRU is not applicable.
Next, we evaluate the impact of the IQI on the achievable rate of the system with the ZF precoding. Precoders
with the prefect CSI and the estimated CSI obtained by the
proposed methods in Sect. 3 are investigated, respectively.
Note that we assume that the SNR in the uplink, SNRU , is
20 dB, and the number of iterations used for the wireless
channel estimation is 1 in Figs. 2–7 since the improvement
brought by more iteration times is small. Simulation results of the precoders based on the uplink equivalent channel

Fig. 3 Achievable average downlink rate versus SNR, N =128, M=10,
(σ , σθ ) = (1 dB, 2◦ ).

Fig. 4 Achievable average downlink rate versus SNR, N =1024, M=10,
(σ , σθ ) = (1 dB, 2◦ ).

HU,eq and the wireless channel H are marked as “◦” and “∗”,
respectively, and the solid lines represent the analytical results correspondingly. Meanwhile, the dashed lines denote
ceilings of the achievable rates. In the estimated CSI case,
we find out that the results of the proposed wireless channel
estimation is almost the same as the case with the perfect IQI
information (marked as “”).
Average rates versus the number of BS antennas are
illustrated in Fig. 2. We can find out that when IQI only
exists at the BS, the average rate increases proportionally
with the number of BS antennas, and compared to the ideal
IQ branches case, there is a gap determined by the number
of UEs as shown in (24). However, when IQI exists at the
UEs, the rate is limited to a finite ceiling derived in (23).
Meanwhile, when the number of BS antennas is limited, e.g.
N < 1024, the impact of IQI at the BS is more severe than
that of IQI at the UEs. On the other hand, when the number
of BS antennas goes to infinity, IQI at the UEs plays a more
important role on the performance degradation. The reason
is that IQI at one UE only affects its own signals of I and
Q branches, but the variation of TX and RX IQI at the BS
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Fig. 5 Achievable average downlink channel rate versus the number of
users, N =128, SNR=20 dB, (σ , σθ ) = (1 dB, 2◦ ).

Fig. 6 Achievable average downlink rate versus the standard deviation of
the amplitude imbalance, N =128, M=10, SNR=20 dB, σθ = 0◦ .

destroys the orthogonality of the inter-user reception, and the
destruction can be attenuated by increasing the number of BS
antennas. Finally, it is worth mentioning that the precoder
based on the wireless channel outperforms that based on the
uplink equivalent channel.
In Fig. 3 and Fig. 4, we illustrate the average rate as a
function of SNR for N = 128 and N = 1024, respectively.
It shows that IQI limits the average rate to finite ceilings
shown in (26), as the transmit power at the BS goes to infinity. Without doubt, the precoder based on the wireless
channel performs better than the precoder based on uplink
equivalent channel, since the former eliminates the impact of
TX IQI at the UEs and RX IQI at the BS. When the channel
estimation error exists, the effect of IQI is no longer prominent, because the imperfect channel information leads to the
non-orthogonality of the inter-user reception. Comparing
IQI at the UEs with IQI at the BS, it is determined by the
ratio of the number of BS antennas to that of UEs which will
cause more serious performance loss. Figure 3 shows IQI
at the BS leads to more significant impact on performance
degradation at high SNR, when the ratio is small. On the

Fig. 7 Achievable average downlink rate versus the standard deviation of
the phase imbalance, N =128, M=10, SNR=20 dB, σ = 0 dB.

contrary, when the ratio is large, IQI at the UEs causes more
serious impact as shown in Fig. 4. It shows the same results
as in Fig. 2.
We know that the ratio of the number of BS antennas
to that of UEs plays an important role on the average rate of
MIMO systems. Thus, we investigate the average rate versus
the number of users for a fixed number of BS antennas in
Fig. 5. Obviously, it shows that when the perfect channel
information is given, the impact of IQI at the UEs can be
ignorable compared with the change in the number of UEs,
since IQI at one UE only affects the performance of the
receiver itself. In other cases, the rate decreases rapidly with
the number of users. It is because the orthogonality of interuser reception is weakened by channel estimation error and
IQI at the BS.
Furthermore, we focus on the effect of the amplitude
imbalance and the phase imbalance on behaviors of the system performance. In Fig. 6, we evaluate the average rate as a
function of the amplitude imbalance with the matched phases
between I and Q branches. It shows that the performance
degradation of the system is more sensitive to the amplitude
imbalance at the BS than that at the UEs. The reason is
that the amplitude imbalance mainly affects diagonal elements of IQI matrices with phase balance, and in this case,
I and Q branches at an RF chain have no inter-branch interference. Thus, the mismatch of TX and RX at the BS has
more impact on the performance [9]. It needs to be pointed
out that when the precoding matrix is design based on the
estimated wireless channel, the simulation results have some
deviations from our analysis results, especially for situations
where the amplitude imbalance is very serious. It is because
the estimation error is evident when the amplitude imbalance is too severe. In Fig. 7, we evaluate the average rate as
a function of the phase imbalance with the matched amplitudes between I and Q branches. Obviously, the average rate
is more sensitive to the phase imbalance at the UEs than that
at the BS, since the phase imbalance leads to inter-branch
interference at an RF chain. When IQI only exists at the
BS, the inter-branch interference can be reduced with the
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large scale antenna array. However, for IQI at the UEs, the
inter-branch interference always exists, because the received
signals of I and Q branches at the UEs are interfered with
each other.
6.

Conclusion

In this paper, we have studied massive MU-MIMO systems
with IQI at both the BS and UEs, operating in the TDD
mode. The uplink equivalent channel estimation with the
LS criterion and the wireless channel estimation based on
the estimated uplink equivalent channel were provided. We
also analyzed the impact of IQI on the achievable average
rate of the downlink of the system with widely-linear ZF
precoding based on the estimated channel, and derived the
closed-form expression of the rate. Analytical and simulation results demonstrated the effectiveness of the proposed
estimators of the uplink equivalent channel and the wireless
channel. We prove that the achievable average rate of the
downlink is limited to a finite ceiling determined by the parameters of IQI when the transmit power goes to infinity.
With the growth of the number of BS antennas, the widelylinear ZF precoding ensures that the rate increases without
bound if IQI only exists at the BS. However, the rate of the
system with IQI at the UEs still exhibits limitation determined by the parameters of IQI at the UEs. Moreover, the
impact of the amplitude imbalance at the BS and the phase
imbalance at the UEs is a more significant determiner of
system performance than other imbalance. Obviously, the
precoding based on the wireless channel can provide better
performance than that based on uplink equivalent channel,
since the former eliminates the impact of transceiver IQI in
the uplink. There still exists several open topics, such as
investigating the impact of IQI on other widely-linear precoding methods, adopting more practical channel models,
designing optimal training sequences, and analyzing the energy efficiency of the proposed massive MIMO system.
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Appendix A:

Old and Application-Related Results on
Random Vectors

Lemma 1 ([22]): Assume that the elements of x, y ∈ C N ×1
are i.i.d complex Gaussian random variables with zero-mean
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and unit variance, and A ∈ C N ×N is a Hermitian matrix with
bounded spectral norm, and is independent of x and y. Then,
there are
(1)
(2)
(3)

a.s.
1 H
−−−−→ N1 tr(A),
N x Ax −
N →∞
a.s.
1 H
−−−−→ 0,
N x Ay −
N
→∞
(
)
E | N1 x H Ax − N1 tr(A)| 2

= O( N1 )

Lemma 2 ([9]): For full column rank matrices A =
f
gT
a1H , · · · , a H
, B = [b1, · · · , b M ], where am, bm ∈ C N ×1 ,
M,
it holds that

 ij
det Bchg H B
[AB(B HB) −1 ]i j =
(A· 1)
 ,
det B H B
and
[AB(B

B)−1 ]2i j =



j
j
j
j
det α i αTi −α i BdelT (Bdel BdelT )−1 Bdel αTi
,

j
j
j
j
det β j βTj −β j BdelT (Bdel BdelT )−1 Bdel bTj
(A· 2)

ij
where Bchg = b1, · · · , b j−1, ai, b j+1, · · · , b M , α i = aTi B, γ i
f
g
j
j
bTi B, β j = BdelT B, and Bdel = b1, · · · , b j−1, b j+1, · · · , b M .

f

#
diag(1 + a1 )
diag(a2 )
,
(A· 5)
diag(a2 )
diag(1 − a1 )




BS cos θ BS /(1+ BS 2 ), and [a ] = sin θ BS .
where [a1 ]n= 2 r,n
2 n
r,n
r,n
r,n
With the help of Lemma 1, there are
"

KTU,r KU,r =

where ‘a.s.’ denotes almost surely convergence, i.e. convergence with probability one.

H

q
2
BS2
in which an = 1/ (1+ BS
t,n )(1+ t,n ). Since the parameters of IQI are small, KTD,t KU,r can be approximated as a
Hermitian matrix.
Similarly, the expression of KTU,r KU,r is given by

g

=

Lemma 3: When the number of antennas at the BS goes
to infinity, the derivations of characteristic of hTi KTD,t KU,r hi
and hTi KTU,r KU,r hi can be approximated as
1 T T
a.s.
hi KD,t KU,r hi hTjKTD,t KU,r h j −−−−−→ (N +1)γ1D,
N →∞
N
1 T T
a.s.
T T
h K KU,r hi h j KU,r KU,r h j −−−−−→ (N +1),
N →∞
N i U,r
1 T T
a.s.
h K KU,r hi hTj KTU,r KU,r h j −−−−−→ (N +1)γ1M .
N →∞
N i D,t
(A· 3)

1
1 T
a.s.
hi Ahi −−−−−→
tr(A),
N →∞ 2N
N
!
#
"
1
1 T
1 2
a.s.
2
h Ahi −−−−−→
tr (A) ,
var
3tr(A ) −
N →∞ 4N 2
N i
2N
where A representsKTD,t KU,r orKTU,r KU,r .
Since A can be approximated as an unit matrix,
f
g2
1
1
2
for the large number of BS an2N tr(A ) ≈ 2N tr(A)
tennas. Based on expressions in (A· 4) and (A· 5), when
1
N → ∞, there are 2N
tr(KTD,t KU,r ) ≈ E{[a11 ]n } and
1
T
2N tr(KU,r KU,r ) = 1. Thus, (A· 3) can be easily obtained.
Lemma 4: When N → ∞, the derivations of characteristic
of hTi KTD,t KU,r hi0 and hTi KTU,r KU,r hi0 can be expressed as
( D
γ , j =i, i 0,
1 T T
a.s.
T
T
hi KD,t KU,r hi0 h j KD,t KU,r h j 0 −−−−−→ 2
N →∞
N
0,
else,
( U
γ , j =i, i 0,
1 T T
a.s.
hi KU,r KU,r hi0 hTj KTU,r KU,r h j 0 −−−−−→ 2
N →∞
N
0,
else,
( M
γ , j =i, i 0,
1 T T
a.s.
hi KD,t KU,r hi0 hTj KTU,r KU,r h j 0 −−−−−→ 2
N →∞
N
0,
else.
(A· 6)

Proof 6: With the expressions of KD,t and KU,r defined in
(3) and the definition of KiU,r and KiD,t , i = 1, 2, 3, 4 in (4)
and (5), we observe that
"
#
diag(a11+a12 ) diag(a21−a22 )
,
(A· 4)
KTD,t KU,r =
diag(a21+a22 ) diag(a11−a12 )

Proof 7: Let A represent KTD,t KU,r or KTU,r KU,r , and rede A1 A2 
 , where Ai is the
fine hi = [hTRi, hTIi ]T , A = 
 A3 A4 
diagonal matrix. Thus, there is

where

For j = i, since hRi , and hIi are i.i.d., with the help of the
law of large numbers, we can obtain that

[a11 ]n=
[a12 ]n=
[a21 ]n=
[a22 ]n=


BS +θ BS 
BS −θ BS
θ t,n
θ t,n
r,n+
r,n+ BS BS
+ t,n  r,n cos*
an cos*
,
2
2
 ,
,
-

θ BS −θ BS
θ BS +θ BS 
* t,n r,n++ BS cos* t,n r,n+ ,
an  BS
t,n cos
r,n
2
2

,
,
-

BS +θ BS
BS −θ BS 
θ t,n
θ t,n
r,n+ BS BS
r,n+
an sin*
− t,n  r,n sin*
,
2
2
 ,
-
,

θ BS −θ BS
θ BS +θ BS 
* t,n r,n+− BS sin* t,n r,n+ ,
an  BS
sin
r,n
2
2
 t,n ,
,
-
n = 1, · · · , N,

hTi Ahi0 = −hTRi A1 hIi − hTIi A3 hIi +hTRi A2 hRi +hTIi A4 hRi .

|hTi Ahi0| 2 ≈

g
1f 2
tr (A2−A3 )+tr(2(A22 +A23 )+(A1−A4 ) 2 ) .
4
N→∞

Based on (A· 4) and (A· 5), there are tr(2(A22 + A23 ) −−−−→0,
and
N→∞

|hTiKTD,t KU,r hi0 | 2 −−−−→NE{[a12 ]2n+[a21 ]2n },
N→∞

|hTiKTU,r KU,r hi0 | 2 −−−−→NE{[a1 ]2n+[a2 ]2n }.
Similarly, we can obtain that
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hTiKTD,t KU,r hi0 hTiKTU,r KU,r hi0
N→∞

−−−−→NE{[a12 ]n [a1 ]n+[a21 ]n [a2 ]n }.
With the expressions of a · , γ2· given in (22) can be acquired.
For j = i 0, since A can be approximated as a Hermitian
matrix, the result is very close to the case that j = i.
For j , i, i 0, since hRi , hI i , hR j , and hI j are i.i.d.,
N →∞

hTi Ahi0 hTj Ah j 0 ≈ 41 tr2 (A2 −A3 ) −−−−−→0.
Thus, (A· 6) can be proved.
Lemma 5: When N → ∞, the derivations of characteristic of hTi KTD,t KU,r h j and hTi KTU,r KU,r h j , j , i, i 0, can be
expressed as
 12 , (s, l) ∈ L,
1 T T
a.s. 
hi KD,t KU,r h j hTs KTD,t KU,r hl −−−−→ 
N→∞  0,
N
else,

U
 γ3 , (s, l) ∈ L,
1 T T
a.s. 
2
hi KU,r KU,r h j hTs KTU,r KU,r hl −−−−→ 
N→∞  0,
N
else,

M
γ
 3 , (s, l) ∈ L,
1 T T
a.s. 
2
hi KD,t KU,r h j hTs KTU,r KU,r hl −−−−→ 
N→∞  0,
N
else,

(A· 7)

which results in the approximation in (A· 7) for the case
(s, l) = (i 0, j 0 ) by substituting the trace of matrices with the
expectations of entries of the corresponding matrices.
For (s, l) = ( j, i) and (s, l) = ( j 0, i 0 ), they are very
close to the cases (s, l) = (i, j) and (s, l) = (i 0, j 0 ), respectively, since A and B are Hermitian matrices or very close to
Hermitian matrices.
For (s, l) < L, they can be easily approximated to 0
with the law of large numbers. Finally, we can prove the
approximation given in (A· 7).
Appendix B:
B.1

 A1
A = 
 A3

A2
A4


 , B =


 B1

 B3

B2
B4


 ,


[∆eq ]nm =
=

hTs Bhl = hTRs B1 hRl +hTIs B3 hRl +hTRs B2 hIl +hTIs B4 hIl .
For (s, l) = (i, j), since hRi , hI i , hR j , and hI j are i.i.d.,
with the help of the law of large numbers, there is
hTi Ah j hTi Bh j ≈

N
|hTi KTD,t KU,r h j | −−−−→ = ,
2
N
N→∞
|hTi KTU,r KU,r h j | 2 −−−−→ E{1+[a1 ]2n+[a2 ]2n },
2
T T
T T
hi KD,t KU,r h j hi KU,r KU,r h j
N→∞ N
−−−−→ E{[a11 ]n +[a12 ]n [a1 ]n+[a21 ]n [a2 ]n }.
2
2 N→∞

Taking the expressions of a · into the results above, the approximation in (A· 7) for the case (s, l) = (i, j) can be acquired.
For (s, l) = (i 0, j 0 ), we can similarly obtain that
hTi Ah j hTi0 Bh j 0 ≈

N
tr(A1 B4−A2 B3−A3 B2 +A4 B1 ),
4


2
[KU,r ]nn [VU,tr ]n· +[KU,r ]nn0 [VU,tr ]n0 · [Str ]Tm·,
PUE
(A· 8)

2
σeq,nm
=

σ2
k[KU,r ]n· kF2 ,
PUE

(A· 9)

since E{[VU,tr ]Tn· [VU,tr ]n· } = E{[VU,tr ]Tn0 · [VU,tr ]n0 · } ≈ σ2 Iτ ,
E{[VU,tr ]Tn· [VU,tr ]n0 · } ≈ 0, and [Str ]m· [Str ]Tm· = P2UE .
Thus, we can easily obtain the average estimation error
as
2

N
tr(A1 B1 +A2 B2 +A3 B3 +A4 B4 ).
4

Based on (A· 4) and (A· 5), we can obtain that

2
[KU,r ]n· VU,tr [Str ]Tm·
PUE

where the second equation follows the form of KU,r . The
variance of [∆eq ]nm , n = 1, · · · , 2N, m = 1, · · · , 2M, is acquired as

where Ai, Bi are the diagonal matrices. There are
hTi Ah j = hTRi A1 hR j +hTIi A3 hR j +hTRi A2 hI j +hTIi A4 hI j ,

proof of Proposition 1

H = P I
T
T
Since Str,c Str,c
UE 2M , Str,c Str,c = 0, there is Str Str =
PUE
T −1 = 2 I
2 I2M , i.e.(Str Str )
PUE 2M . The element of estimation
error matrix can be rewritten as

where the set L = {(i, j), (i 0, j 0 ), ( j, i), ( j 0, i 0 )}.
Proof 8: Let A, B represent KTD,t KU,r or KTU,r KU,r , and redefine hi = [hTRi, hTIi ]T and

Collection of Proofs

2
σeq
=

2M X
2N
X
1
σ2
.
2N · 2M m=1 n=1 eq,nm

which can be expressed as (12) based on the property that
k[KU,r ]n· kF2 + k[KU,r ]n0 · kF2 = 2.
B.2

proof of Proposition 2

Define H = [h1, · · · , h2M ], ∆eq = [δ eq,1, · · · , δ eq,2M ]. We
can obtain that
2
E{δ eq,i δTeq,i } = σeq
KU,r KTU,r ,

E{KU,r hi hTi KTU,r } =

1
KU,r KTU,r ,
2

which mean that HT KTU,r KU,r H and ∆Teq ∆eq can be treated
as Wishart matrices.
Using Lemma 1, we collect properties given by
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N →∞ 1
hTi KTU,r KU,r hi −−−−−→ tr((KTU,r KU,r )),
2

j
 αT α
αTi Φdel 
i
+
= det*  ji T
j T j 

Φ
α
Φ
Φ
i
,
del  del
 j
  del
j
= βi j det ΦdelT Φdel ,

N →∞

hTi KTU,r KU,r h j −−−−−→ 0,

det2

N →∞

2
,
δTeq,i δ eq,i −−−−−→ tr((KTU,r KU,r ))σeq
N →∞

δTeq,i δ eq, j −−−−−→ 0.

j

α i, ΦdelT

g

and

Based on the estimator of the equivalent channel, ĤU,eq =
HU,eq +∆eq . With the help of the properties above and the
properties of the Wishart matrix [23], there is


tr (ĤTU,eq ĤU,eq ) −1


= tr (KTU,t HT KTU,r KU,r HKU,t +∆Teq ∆eq ) −1


T
2
−1
2N tr (KU,t KU,t +2σeq I2M )
≈
.
N−M
tr(KTU,r KU,r )
By combining the formula with the expression of KU,t and
KU,r , (17) can be achieved.
B.3

f

j
 φT φ
φTj Φdel 
j
+
= det*  jj T
j T j 

Φ
φ
Φ
Φ
j
,  del
del  del
 j

j
= β j det ΦdelT Φdel ,

det2



T

j

φ̂ j , Φ̂delT



where
 j
 −1 j
j
j
ΦdelT α i,
βi j = αTi α i −αTi Φdel ΦdelT Φdel
 j
 −1 j
j
j
ΦdelT φ j .
β j = φTj φ j −φTj Φdel ΦdelT Φdel
When N → ∞, we can get approximations as
1 T
2
ĥ ĥU,i = 1 + 2η i σeq
, i = 1, · · · , 2M,
N U,i
1 T
lim
ĥ ĥU, j = 0, i , j, i, j = 1, · · · , 2M.
N →∞ N U,i
 j
 −1 j
j
j
The approximation of Φdel ΦdelT Φdel
ΦdelT is given as
lim

Proof of Proposition 3

N →∞

From (18), the expression of the matrix G can be rewritten
as
G = KD,r Ĩ2M Ǧ(KTU,t ) −1 Ĩ2M ,

(A· 10)

 j
 −1 j
j
j
0, j
lim Φdel ΦdelT Φdel
ΦdelT = I2M ,

where

N →∞

HD = HT KTD,t , HU = KU,r H,

0, j

T
T −1 T
−1 −1
Ǧ = HD (HU +∆eq K−1
U,t )(HU HU +(KU,t ) ∆eq ∆eq KU,t ) .

Redefine matrices

where I2M stands for the identity matrix whose jth diagonal
element equals to 0, and there are
1, j

HD = [hTD,1, · · · , hTD,2M ]T , HU = [hU,1, · · · , hU,2M ],
ĤU = HU +∆eq K−1
U,t = [ĥU,1, · · · , ĥU,2M ],

βi j ≈ αTi I2M α i = |hTD,i ĥU, j −δ(i, j) ĥTU,i ĥU, j | 2,
1, j

β j ≈ φTj I2M φ j = | ĥTU, j ĥU, j | 2 .
1, j

0, j

where I2M = I2M − I2M . Thus, the square of [Ǧ]i j can be
approximated as

ij

Ĥchg = [ĥU,1, · · · , ĥU, j−1, hD,i, ĥU, j+1, · · · ,ĥU,2M ],
j

Ĥdel = [ĥU,1, · · · , ĥU, j−1, ĥU, j+1, · · · ,ĥU,2M ].
With the help of Lemma 2, the entries of the matrix Ǧ
in (A· 10) can be expressed as
g
f
ij
j
det(ĤchgT ĤU ) det α i, Φdel
f
g,
=
(A· 11)
[Ǧ]i j =
j
det(ĤTU ĤU )
det φ j , Φdel
j

where αTi = hTD,i ĤU − δ(i, j) ĥTU,i ĤU, φTj = ĥTU, j ĤU, ΦdelT =
j

ĤdelT ĤU and
(
δ(i, j) =

j
Φdel

f
g
j
det2 α i,Φdel
|hTD,i ĥU, j−δ(i, j) ĥTU,i ĥU, j | 2
f
g
≈
.
j
| ĥTU, j ĥU, j | 2
det2 φ j ,Φdel
(A· 12)

Since entries of H and ∆eq are independent, when N →
∞, based on Lemma 3, Lemma 4 and Lemma 5, we obtain
approximations as
| ĥTU,i ĥU, j | 2
2 ) 2 +4η σ 2 γ U ],
N[(N +1)(1+2η j σeq

j eq 3



2 ],
U
2

−−−−−→  N[γ2 +(η i +η j +2η i η j σeq )γ3Uσeq
N →∞ 

U
2
U 2
N[γ3 /2+(η i +η j +2η i η j σeq )γ3 σeq ],

0, i = j
1, else,

which will not change the determinant of

[Ǧ]2i j =

a.s.

ij
ĤchgT ĤU

since φ i

is a column of
if i , j.
According to the properties of block matrices, there are




a.s. 
|hTD,i hU, j | 2 −−−−−→ 
N →∞ 




N (N + 1)γ1D,
N γ2D,
N/2,

j = i,
j = i 0,
else,

j =i,
j =i 0,
else,
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Applying Lemma 4 and Lemma 5, there are
2
|hTD,i ĥU, j | 2 ≈ |hTD,i hU, j | 2 +η j σeq
,

hTD,i ĥU, j ĥTU,i ĥU, j


N γ2M,


≈
2 )/2,
N γ3M (1+4η j σeq


j = i 0,
else,

Based on the approximations above, [Ǧ]2i j in (A· 12)
can be further approximated as
f g 2 a.s. D̄i j + D̃i j
Ǧ −−−−−→
.
i j N →∞
D̂ j
Here G = KD,r Ĩ2M Ǧ(KTU,t ) −1 Ĩ2M is used to calculate the gain
of signal, and [G]ii is determined by the approximations of
[Ǧ]ii , [Ǧ]ii0 , [Ǧ]i0 i , and [Ǧ]i0 i0 . Taking terms [Ǧ]ii , [Ǧ]ii0 for
example,
even though the cross term [Ǧ]ii [Ǧ]ii0 is not equal
q
to [Ǧ]ii [Ǧ]ii0 , the difference between them can be neglected, since the law of large numbers can achieve an accurate approximation of [Ǧ]ii when the number of BS antennas
q

goes to infinity. Thus, the approximation of matrix of [Ǧ]2i j
is denoted as T, and then the approximation of the power of
the interference from the jth branch at the ith branch can be
approximated as Gi j = [KD,r Ĩ2M T(KTU,t ) −1 Ĩ2M ]2i j given in
(20).
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