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SUMMARY
Recently, frequency-domain equalization (FDE) has been
attracting much attention as a way to improve single-carrier (SC) signal
transmission in a frequency-selective wireless channel. Since the SC signal
spectrum is spread over the entire signal bandwidth, FDE can take advantage of channel frequency-selectivity and achieve the frequency diversity
gain. SC with FDE is a promising wireless signal transmission technique.
In this article, we review the pioneering research done on SC with FDE. The
principles of simple one-tap FDE, channel estimation, and residual intersymbol interference (ISI) cancellation are presented. Multi-input/multioutput (MIMO) is an important technique to improve the transmission performance. Some of the studies on MIMO/SC with FDE are introduced.
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1.

Introduction

Public cellular mobile communications services started
about 30 years ago with so called 1st generation (1G) systems using analog wireless technology. In line with the
recent explosive expansion of Internet traﬃc in the fixed
networks, demands for broad ranges of data communications services are becoming stronger even in cellular mobile communications systems. A variety of data communications services are now available over the 2nd/3rd generation (2G/3G) systems using digital wireless technology.
The 3G systems using direct-sequence code division multiple access (DS-CDMA) technique [1], with much higher
data rates up to 384 kbps than 2G systems, have already
been deployed in many countries. 3G systems are continuously evolving with high speed downlink packet access (HSDPA) technique for providing data services with the peak
rate of around 14 Mbps as the mid-term evolution and of
50–100 Mbps as the long-term evolution (LTE) [2]. However, the capabilities of 3G systems will sooner or later be
insuﬃcient to cope with the increasing demands for broadband services. The 3G-LTE systems will be followed by the
development of 4th generation (4G) systems, that support
broadband data services with the peak rate of e.g., 100 M–
1 Gbps [3].
The propagation channel for broadband wireless communications comprises many distinct paths resulting from
reflection and diﬀraction due to many obstacles located beManuscript received September 17, 2008.
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Fig. 1 Frequency- and time-selective channel. L = 16-path uniform
power delay profile with delay time separation of 100 ns.

tween a transmitter and a receiver. Therefore, the channel
transfer function, H( f , t), varies both in the frequency domain, f , and time domain, t. Figure 1 illustrates a one shot
observation of H( f , t). This type of channel is called the
frequency- and time-selective channel (or doubly selective
channel). In such a frequency-selective channel, the received signal spectrum is severely distorted [4]. Thus, the
use of data transmission technique with an advanced equalization technique is indispensable in 3G-LTE and 4G systems.
Single-carrier (SC) signal transmission technique, such
as DS-CDMA with coherent rake combining used in the
present 3G systems [1], provides very poor performance
because of strong inter-chip interference (ICI) resulting
from severe frequency-selectivity of the channel. Therefore, multi-carrier CDMA (MC-CDMA) with frequencydomain equalization (FDE) [5]–[7] has long been considered as a broadband multiple access technique since it can
take advantage of channel frequency-selectivity to improve
the transmission performance. Special cases of DS-CDMA
and MC-CDMA are non-spread SC multiple access and orthogonal frequency division multiple access (OFDMA), respectively. However, it was shown by many researchers
that SC transmission performance in a frequency-selective
channel can be significantly improved by the use of lowcomplexity FDE [8]–[13]. An advantage of SC signal transmission technique over MC signal transmission technique
is its lower peak-to-average power ratio (PAPR). This lower
PAPR property of SC is quite beneficial for the application
to the uplink (mobile-to-base) transmissions. In 3G-LTE
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systems, diﬀerent multiple access techniques are adopted
for the downlink (base-to-mobile) and the uplink first time
in the mobile communications history; the downlink access uses OFDMA and the uplink access uses so-called SCFDMA, which is a combination of SC with FDE and frequency division multiple access (FDMA) [14].
In this article, we review the pioneering research done
on SC with FDE. After modeling the mobile channel in
Sect. 2, Sect. 3 presents a literature survey of the timedomain and frequency-domain equalization techniques for
SC signal transmission. Section 4 overviews the FDE technique. The principle of simple one-tap FDE is presented,
and the channel capacity that can be achieved by one-tap
FDE is discussed. Section 5 introduces overlap FDE technique to further improve the transmission eﬃciency. Also
introduced is fractionally spaced FDE. The performance improvement through the use of FDE is limited by the presence of residual inter-symbol interference (ISI). An interference cancellation technique can be used to eliminate the
residual ISI. This is described in Sect. 6. FDE requires
channel state information in order to obtain the equalization
weight. Some studies on channel estimation are reviewed
in Sect. 7. The multi-input/multi-output (MIMO) antenna
technique plays an important role in future wireless systems.
Section 8 introduces recent studies on MIMO/SC with FDE.
MIMO diversity, array, and spatial multiplexing techniques
are also discussed. FDE can be applied to transmitters to
alleviate the complexity problem of mobile terminals. Section 9 reviews the pre-FDE technique. Section 10 concludes
the paper.
2.

Broadband Wireless Channel Model

Assuming that the channel comprises L paths, the channel
impulse response, h(τ), can be expressed as [15]
h(τ) =

L−1


hl δ(τ − τl ),

(1)

l=0

where
 τl are the complex-valued path gain with
 hl and
L−1
|hl |2 = 1 (E[.] denotes the expectation operation)
E l=0
and the symbol-spaced time delay of the lth path, respectively. In Eq. (1), we assumed that the channel stays constant
during the signal transmission period of interest; therefore,
time dependency has been omitted from Eq. (1). The channel transfer function (or the channel gain at frequency f ) is
given by
H( f ) =

L−1

l=0

hl exp(− j2π f τl ).

(2)



The transmit signal is denoted by s(t) with E |s(t)|2 =
1. The received signal, r(t), at time t can be expressed using
the baseband equivalent representation as

L−1
2E s 
hl s(t − τl ) + n(t),
(3)
r(t) =
T s l=0

where E s and T s are the data symbol energy and time
duration, respectively, and n(t) is a zero-mean complexvalued additive white Gaussian noise (AWGN) with variance 2N0 /T s (N0 is the one-sided power spectrum density).
L − 1 past signals {s(t − τl ); l = 1 ∼ (L − 1)} interfere with
the present signal, s(t), thereby producing the ISI. As L
increases, the channel frequency-selectivity level increases
and the ISI becomes increasingly worse. As the signal
transmission rate increases, the symbol time length becomes
shorter and therefore, the number of resolvable propagation
paths increases. Some equalization techniques to eliminate
the ISI must be developed in order to improve the transmission performance.
3.

Literature Survey

The development history of time-domain decision feedback equalization (DFE) (or ISI cancellation) techniques is
overviewed in [16]. The idea that the previous decisions are
used to cope with the ISI problem was first introduced in
[17] and was later extended in [18] to minimize the mean
square error (MSE) between the decision variable and the
transmitted symbol. The optimum equalizer assuming ideal
decision feedback is a matched filter to the channel [18].
The optimum DFE technique was derived in [19] and [20].
An iterative equalization technique proposed in [21] provides a performance level that approaches the maximum
likelihood sequence detection (MLSD) in a severe ISI channel.
Time-domain nonlinear DFE is used to eliminate the
ISI. On the other hand, linear frequency-domain equalization (FDE) can be used to take advantage of the frequencyselective channel, while it has a lower computational complexity level than that for the time-domain DFE. The first
application of FDE to SC transmission can be found in [8]
and [9]. An overview of SC with FDE can be found in [11].
A striking resemblance exists between SC with FDE
and OFDM. The only diﬀerence is that in OFDM, both
channel equalization and decision making are performed in
the frequency-domain, whereas in SC with FDE, the channel
equalization is performed in the frequency-domain and decisions are made in the time-domain. SC with FDE has the advantage of low sensitivity to nonlinear signal distortion and
can alleviate the carrier synchronization problem of OFDM
[11]. In [10], a performance comparison is presented between OFDM and SC with FDE. A major advantage of SC
with FDE compared to OFDM is that since the energy of
each data symbol is spread over the whole frequency range,
narrowband notches in the channel transfer function have
only a small impact on the decision error probability. As
a consequence, SC with FDE outperforms OFDM with respect to the bit error rate (BER) performance when no channel coding is employed.
The FDE weight can be based on the zero-forcing (ZF)
criterion or the minimum mean square error (MMSE) criterion. ZF-FDE restores the original spectrum regardless
of the channel conditions, but enhances the noise power
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after equalization. On the other hand, MMSE-FDE gives
up the restoration of original signal spectrum, but it minimizes the power sum of the residual ISI and additive noise
after the equalization. The lower PAPR is also an important
advantage of SC with FDE, whereas a major advantage of
OFDM is that the use of the subcarrier-by-subcarrier adaptive modulation scheme can significantly improve the BER
performance. SC with FDE outperforms OFDM with respect to the sensitivity to power amplifier nonlinearities and
frequency oﬀsets [10].
Although MMSE-FDE can significantly improve the
BER performance of SC transmission compared to ZF-FDE,
a big performance gap still exists from the theoretical lower
bound (or the matched filter bound). This is due to the presence of residual ISI after MMSE-FDE. A combination of
FDE and DFE for eliminating the residual ISI is an interesting study topic. In [11], not only the basic concept of
SC with FDE but also advanced FDE jointly using DFE is
introduced. In the DFE technique proposed in [22], the feedforward part is implemented in the frequency-domain, while
a feedback signal is generated using time-domain filtering.
The application of frequency-domain DFE to the SC transmission is found in [23]. In [24] and [25], an iterative block
DFE, which redesigns the equalizer based on the updated
block of detected symbols, is presented. Both feedforward
and feedback filters are implemented using FFTs to achieve
a significant complexity reduction compared to time-domain
techniques.
The structure of iterative FDE using decision feedback
is compatible with error-control coding. It may be possible to combine a turbo-style decoder and iterative FDE into
a single eﬃcient equalizer-decoder structure comparable to
the class of “turbo equalization” [26].
The application of FDE to DS-CDMA system was discussed in [12] and [13]. DS-CDMA with FDE can take advantage of the channel frequency-selectivity and achieve the
frequency diversity gain to improve the BER performance
while the FDE complexity level is kept much lower than
that for time-domain equalization and does not change significantly with the length of the channel impulse response.
In [13], broadband wireless access techniques such as MCCDMA and DS-CDMA using MMSE-FDE are compared.
Most data services provided in the next generation wireless
communication systems will be broadband packet based.
FDE can be combined with hybrid automatic repeat request
(HARQ).
4.

Frequency-Domain Equalization (FDE)

First, the principle of one-tap FDE for SC signal transmissions is presented. Then, the channel capacity achievable with one-tap FDE in a frequency-selective Rayleigh
fading channel is discussed. From now onward, we use
the discrete-time signal representation with variable t (=
0 ∼ (Nc − 1)) representing the symbol-spaced discrete time
and τl representing the lth path time delay normalized by the
symbol length, T s .

(a) Transmitter

(b) Receiver
Fig. 2 Transmitter/receiver structure for SC and OFDM. “+GI” and
“−GI” represent the insertion and removal of the GI, respectively.

4.1 Principle of One-Tap FDE
Figure 2 illustrates the transmitter/receiver structure for SC
with FDE and OFDM. The diﬀerence between SC with FDE
and OFDM is the location of the inverse fast Fourier transform (IFFT) function. The IFFT is required at the transmitter for OFDM, while it is required at the receiver for
SC. This allows a flexible transceiver architecture based
on software-defined radio technology, which can flexibly
switch between SC and OFDM.
Both SC with FDE and OFDM are a block transmission. Below, we consider the transmission of one block of
Nc symbols.
For OFDM signal transmission, Nc -point IFFT is applied to an Nc -symbol block {s(t); t = 0 ∼ (Nc − 1)} to
generate the time-domain OFDM signal waveform with Nc
subcarriers. In SC signal transmission, however, no IFFT is
required. Similar to OFDM signal transmission, the guard
interval (GI) of Ng samples is inserted in front of each
Nc -symbol block to avoid the inter-block interference (IBI)
from the previous block. The GI length should be longer
than the maximum time delay diﬀerence among the propagation paths.
An Nc -symbol block is transmitted after inserting an
Ng -symbol cyclic prefix (CP) into the GI so that the received
signal can be a circular convolution of the transmitted signal
block and the channel impulse response. The received SC
signal is expressed as Eq. (3). Due to the CP insertion into
the GI, Eq. (3) can be rewritten, for t = 0 ∼ (Nc − 1), as

L−1
2E s 
r(t) =
hl s((t − τl ) mod Nc ) + n(t).
(4)
T s l=0
Note that, after the GI insertion, T s is shorter by a factor
of (1 + Ng /Nc ) than the original data symbol length or the
signal bandwidth is wider by a factor of (1 + Ng /Nc ) than the
original signal bandwidth.
The received symbol block after removing the GI can
be expressed in the matrix form as
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r = [r(0), · · · , r(t), · · · , r(Nc − 1)]T

2E s
=
hs + n,
Ts

One-tap FDE is carried out as
(5)

where [.]T denotes the transpose operation, s = [s(0), · · · ,
s(t), · · · , s(Nc − 1)]T is the time-domain transmit signal vector, n = [n(0), · · · , n(t), · · · , n(Nc − 1)]T is the noise vector, and h is the circulant channel impulse response matrix,
given by
⎤
⎡
hL−1 · · · h1 ⎥⎥
⎢⎢⎢ h0
⎢⎢⎢⎢
. ⎥⎥⎥
..
.
⎢⎢⎢ h1 . .
. .. ⎥⎥⎥⎥⎥
⎥⎥⎥
⎢⎢⎢ .
⎥
⎢⎢⎢ . . . .
h0
0
hL−1 ⎥⎥⎥⎥
⎢⎢⎢ .
⎥⎥⎥
⎢⎢⎢
..
⎥⎥⎥⎥
⎢⎢⎢ h
.
h
1
⎥⎥⎥
⎢⎢⎢ L−1
h = ⎢⎢⎢
(6)
⎥⎥⎥ .
.. . . . .
..
⎥⎥⎥
⎢⎢⎢
. .
. .
⎥⎥⎥
⎢⎢⎢
..
⎥⎥⎥
⎢⎢⎢
. h0
hL−1
⎥⎥⎥
⎢⎢⎢
⎥⎥⎥
⎢⎢⎢
..
..
⎥⎥⎥
⎢⎢⎢
.
.
h
1
⎥⎥⎥
⎢⎢⎢
⎥⎦
⎢⎣
.. . .
..
. .
. h0
0
At the receiver, the received signal block is transformed using the Nc -point FFT into the frequency-domain
signal. The frequency-domain received signal vector, R =
[R(0), · · · , R(k), · · · , R(Nc − 1)]T , can be expressed as

2E s
HS + N,
(7)
R = Fr =
Ts
where F is an Nc × Nc FFT matrix, S = Fs =
[S (0), · · · , S (k), · · · , S (Nc − 1)]T is the frequency-domain
transmit signal vector, and N = Fn = [N(0), · · · , N(k), · · · ,
N(Nc − 1)]T is the frequency-domain noise vector. The
Nc × Nc channel matrix, H = FhFH , becomes diagonal because of the circulant property of h and is given by
⎡
⎤
⎢⎢⎢ H(0)
⎥⎥⎥
⎢⎢⎢
⎥⎥⎥
.
..
⎢⎢⎢
⎥⎥⎥
0
⎢⎢⎢⎢
⎥⎥⎥⎥
H
H(k)
H = FhF = ⎢⎢⎢
(8)
⎥⎥⎥ ,
⎢⎢⎢
⎥⎥⎥
..
⎢⎢⎢
⎥
⎥⎥⎥
.
0
⎢⎣
⎦
H(Nc − 1)
where [.]H denotes the Hermitian transpose operation. The
k-th element, R(k), of R can be expressed as

2E s
H(k)S (k) + N(k),
(9)
R(k) =
Ts
where H(k), S (k), and N(k) are the channel gain, the transmit signal component, and the noise component at the k-th
frequency, respectively, and are given by
⎧


L−1

⎪
⎪
τl
⎪
⎪
⎪
hl exp − j2πk
H(k) =
⎪
⎪
⎪
Nc
⎪
⎪
l=0
⎪
⎪


⎪
N
−1
c
⎪
⎪
1 
t
⎨
.
(10)
S
(k)
=
s(t)
exp
−
j2πk
√
⎪
⎪
⎪
Nc
⎪
Nc t=0
⎪
⎪
⎪


⎪
Nc −1
⎪
⎪
⎪
1 
t
⎪
⎪
n(t) exp − j2πk
⎪
⎪
⎩ N(k) = √Nc
Nc
t=0

R̂(k) = W(k)R(k)

(11)

where W(k) is the FDE weight. Various FDE weights exist
such as those based on ZF, equal-gain combining (EGC),
maximal-ratio combining (MRC), and MMSE criteria. They
are given as
⎧
⎪
1/H(k),
ZF
⎪
⎪
⎪
∗
⎪
⎪
(k)/|H(k)|,
EGC
H
⎪
⎪
⎨ ∗
(k),
MRC
H
.
(12)
W(k) = ⎪
⎪
⎪
∗
⎪
H
(k)
⎪
⎪
⎪
, MMSE
⎪
⎩
|H(k)|2 + (E s /N0 )−1
Using Nc × Nc FDE weight matrix W = diag
{W(0), · · · , W(k), · · · , W(Nc − 1)} and S = Fs, the
frequency-domain received signal vector, R̂ = [R̂(0), · · · ,
R̂(k), · · · , R̂(Nc − 1)]T , after FDE can be expressed as

2E s
R̂ = WR =
ĤFs + WN,
(13)
Ts
where
Ĥ = diag {Ĥ(0), · · · , Ĥ(k), · · · , Ĥ(Nc −1)} =WH

(14)

is the equivalent channel matrix with Ĥ(k) = W(k)H(k).
Since the frequency-nonselective channel has a constant channel gain over all k, the signal received via a
frequency-nonselective channel is a scaled version of the
transmitted signal s(t) and no ISI is present. The equivalent
channel Ĥ can be divided into two parts as


Ĥ = A · I + Ĥ − A · I ,
(15)
where the first term represents a frequency-nonselective
channel in Ĥ and A is the average equivalent channel gain
after FDE, defined as
A=

Nc −1
1 
Ĥ(k).
Nc k=0

(16)

As a consequence, the frequency-domain received signal
vector R̂ after FDE can be rewritten as

2E s
R̂ =
A · Fs + M + WN,
(17)
Ts
where M = [M(0), · · · , M(k), · · · , M(Nc − 1)]T is the residual ISI vector. M is given as


2E s 
Ĥ − A · I Fs,
(18)
M=
Ts
where
M(k) =




2E s 
Ĥ(k) − A S (k).
Ts

(19)

For SC with FDE, the estimate ŝ = [ ŝ(0), · · · , ŝ(t), · · · ,
ŝ(Nc − 1)]T of the transmitted symbol vector s is obtained
by applying Nc -point IFFT to R̂, while it is not required for
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Fig. 3

BER performance of SC with FDE.

OFDM. ŝ is given as

2E s
H
ŝ = F R̂ =
As + FH M + FH WN.
Ts

Fig. 4

W(k) =
(20)

The 1st term is a scaled version of the transmitted signal vector s and the 2nd and 3rd terms are respectively the residual
ISI and noise after equalization.
Using the ZF weight (i.e., W = H−1 ), the frequencynonselective channel can be perfectly restored since Ĥ = I
and A = 1 and as a consequence, the residual ISI disappears
(i.e., M = 0) in Eq. (20) (of course, this is the case if the
channel estimation is ideal), but the noise after equalization
is enhanced at a frequency where the channel gain drops.
The MRC weight (i.e., W = H H ) enhances the frequency
selectivity of the equivalent channel seen after equalization.
The EGC weight only compensates for the phase rotation
introduced by the channel selectivity. The MMSE weight
minimizes the mean square of the equalization error defined
as e(k) = W(k)R(k) − S (k). In MMSE-FDE, since W ≈ H−1
except for the frequency where |H(k)| ≈ 0, a near frequencynonselective channel can be restored while alleviating the
noise enhancement problem.
Figure 3 illustrates the achievable BER performance of
SC with FDE. The channel is assumed to be a frequencyselective block Rayleigh fading channel having an L = 16path uniform power delay profile (E[|hl |2 ] = 1/L). Among
the four FDE weights, the MMSE weight can provide the
best compromise between the noise enhancement and the
suppression of frequency-selectivity and therefore, gives the
best BER performance.
FDE can also be applied to orthogonal multicode DSCDMA [12], [13]. FDE is a key technique for both MC- and
DS-CDMA. So far, many studies have been done to improve
the transmission performance of MC- and DS-CDMA with
FDE. The MMSE-FDE also provides the best BER performance. The MMSE weight is given as

BER performance of DS-CDMA with MMSE-FDE.

H ∗ (k)
,
|H(k)| + (C/SF)−1 (E s /N0 )−1
2

(21)

where SF and C represent the spreading factor and the code
multiplexing order, respectively.
Figure 4 illustrates the achievable average BER performance of DS-CDMA with MMSE-FDE. As the equivalent spreading factor, SF eq (= SF/C), increases, the residual ICI can be further suppressed and the BER performance
improves.
Another interesting application area for SC with FDE
is optical communication systems in the presence of AWGN
[27], [28].
4.2 Channel Capacity of FDE
The channel capacity analysis of SC transmission is an interesting study topic. In [29], the achievable channel capacity of SC transmission with FDE in a frequency-selective
channel is theoretically examined and compared to that of
OFDM. Below, the channel capacities of OFDM and SC
with FDE are compared.
The estimate ŝ = [ ŝ(0), . . . , ŝ(t), . . . , ŝ(Nc − 1)]T of the
transmitted symbol vector s is given by Eq. (20). The sum
of the residual ISI and the noise is treated as a new white
Gaussian noise. The signal-to-noise power ratio (SNR) is
identical for all symbols in a block and the conditional SNR
for the given H is given by
γS C

2E s 2
|A| tr{E[ssH ]}
Ts
=
tr{E[(FH M)(FH M)H ]}
+tr{E[(FH WN)(FH WN)H ]}
Es 2
|A|
N0
=
,
N
Nc −1 
c −1

Es 
Ĥ(k) − A2 +
2
|W(k)|
N0 k=0
k=0

(22)
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where tr{U} is the trace of the matrix U. In the case of ZFFDE, since W = H−1 and Ĥ(k) = A = 1, we have
⎞−1
⎛ N −1
c
⎟⎟⎟
⎜⎜⎜ 1 
1
Es
Nc
⎜⎜
⎟⎟⎟ , (23)
⎜
γS C−ZF =
·
=
N0 tr{(H−1 )H H−1 } ⎝ Nc k=0 γ(k) ⎠
where
γ(k) =

Es
|H(k)|2 .
N0

(24)

The conditional channel capacity (bps/Hz) of SC with ZFFDE is given as
CS C−ZF = log2 (1 + γS C−ZF )
⎡
⎛ N −1
⎞−1 ⎤
c
⎢⎢⎢
⎜⎜⎜ 1 
⎟⎟⎟ ⎥⎥⎥
E
s
⎢
−2
⎜
⎜⎝⎜
= log2 ⎢⎢⎣⎢1 +
|H(k)| ⎟⎟⎟⎠ ⎥⎥⎥⎥⎦ .
N0 Nc k=0

5.

The SNR is diﬀerent for a diﬀerent subcarrier. The SNR
of the k-th subcarrier is given by γ(k) and the conditional
channel capacity of OFDM is given as
COFDM

Advanced FDE

(25)

Unfortunately, closed form expressions for the conditional
channel capacities achievable by the use of MMSE- and
MRC-FDE are not found.
In the case of OFDM, the frequency-domain received
signal vector, R, can be written as

2E s
Hs + N.
(26)
R=
Ts

Nc −1
1 
=
log2 (1 + γ(k))
Nc k=0


Nc −1
1 
Es
log2 1 +
|H(k)|2 .
=
Nc k=0
N0

It can be shown from Jensen’s inequality [30] that
COFDM ≥ CS C−ZF always (this is also confirmed in [31]).
The conditional channel capacity for MRC- and MMSEFDE can be computed using Eq. (22). The ergodic capacity
is obtained by averaging the conditional channel capacity
over all possible realizations of H. Figure 5 compares the
ergodic capacities of SC with ZF-, MRC-, and MMSE-FDE
and OFDM. MMSE-, MRC-, and ZF-FDE provide lower capacity than OFDM. This is due to the presence of residual
ISI for MMSE- and MRC-FDE and is due to the noise enhancement for ZF-FDE. However, it should be noted that for
a low E s /N0 region, MMSE- and MRC-FDE provide almost
identical channel capacity to OFDM.

(27)

First, the principle of overlap FDE that can improve the
transmission eﬃciency by avoiding the GI insertion is presented. Then, a fractionally spaced FDE that can achieve the
frequency diversity gain is described.
5.1 Overlap FDE
As explained in Sect. 4.1, in SC with FDE, the GI is added
in front of each block to avoid the IBI from the previous
block and a CP is inserted into the GI to make the received
signal block a circular convolution of the transmitted Nc symbol block and the channel impulse response. Because of
this, the received signal block can be transformed by using
the Nc -point FFT into the frequency-domain signal without
distortion. However, the transmission eﬃciency is reduced
by the insertion of the GI. If the GI insertion is not used, the
IBI is present at the beginning of the received Nc -symbol
block (see Fig. 6).
The reception of one symbol block during the time interval of t = 0 ∼ (Nc − 1) is considered. The received signal is given as Eq. (3). The desired signal component must
be expressed as a circular convolution of the transmitted Nc symbol block and the channel impulse response to obtain the
frequency-domain received signal as Eq. (7). With the CP
insertion into the GI, the received signal is given as Eq. (4).
On the other hand, without GI insertion, the IBI appears. In
such a case, the received signal can be expressed as

L−1
2E s 
r(t) =
hl s((t−τl ) mod Nc )+ν(t)+n(t), (28)
T s l=0
where ν(t) represents the IBI component given as

Fig. 5

Capacity comparison between SC with FDE and OFDM.

Fig. 6

FFT interval and IBI.
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ν(t) =

L−1
2E s 
hl {s(t − τl ) − s((t − τl ) mod Nc )}
T s l=0

× {u(t) − u(t − τl )}

(29)

with u(t) = 0 (1) for t < 0 (0 ≤ t). The BER performance
of SC with FDE without GI insertion degrades due to the
presence of IBI.
Recently, overlap-save signal processing using FFT
[32] was applied to SC with FDE in literature [33]–[36]
(referred to as overlap FDE hereafter). The paper that first
mentioned the application of overlap FDE to SC transmission is perhaps [33]. The principle of overlap FDE is given
below.
MMSE-FDE is viewed as a circular linear filter. The
impulse response hMMSE−FDE (τ) of the MMSE-FDE circular filter concentrates only at the vicinity of τ = 0 as seen
in Fig. 7. This fact can be utilized to avoid the GI insertion.
The IBI can be suppressed by overlapping the FFT block,
and selecting only the middle M-symbol portion from the
Nc -symbol block for data demodulation as shown in Fig. 8.
Using a smaller M can reduce the residual IBI. The BER
performance of the overlap FDE is plotted in Fig. 9 as a
function of the average received Eb /N0 . By choosing a sufficiently small M, BER performance close to that for the
conventional FDE can be achieved; however, the computational complexity increases since the number of FFT/IFFT
operations per Nc -symbol block increases by Nc /M times.
The overlap FDE can also be applied to DS-CDMA to
improve the transmission eﬃciency while achieving the frequency diversity gain. The application of FDE to a CDMA
downlink can be found in [34]. Three FDE implementations
are considered: CP insertion (into the GI), zero-padding,
and overlap FDE. In the zero-padding method, Ng zeros are
added to the end of an (Nc − Ng )-symbol block to build an
Nc -symbol block before transmission. At the receiver, an
Nc -point FFT is applied to the zero-padded data block and
the detected zeros at the end of this data block are then discarded. Although both the CP and zero-padding methods
divide the data stream into blocks of data by adding redundancy, the overlap FDE does not require any redundancy.
The overlap FDE can approximate the performance of the
other two methods very well.
The overlap FDE can be applied to the present DSCDMA systems without modifying the air interface of 3G
systems. Therefore, it is a very attractive equalization technique. How the packet throughput in a DS-CDMA system can be improved is discussed in [36]. The MMSEFDE weight for packet combining in hybrid automatic repeat request (HARQ) is derived. The overlap FDE provides better throughput performance than both coherent rake
combining and conventional FDE irrespective of the degree of channel frequency-selectivity. Figure 10 plots the
achievable throughput performances of DS-CDMA using
overlap FDE, conventional FDE, and coherent rake combining, as a function of the average received E s /N0 [37].
Full code-multiplexing using the spreading factor SF = 16
and the code-multiplexing order C = 16 is assumed (there-

Fig. 7

Impulse response of MMSE-FDE circular filter.

Fig. 8

Fig. 9

Overlap FDE.

BER performance of overlap FDE.

fore, the transmission symbol rate is the same as the nonspread SC signal transmission). As an error control technique, an HARQ with incremental redundancy strategy (IR)
using type II S-P2 [38] is used.
As discussed earlier, the residual ICI (or ISI in the case
of the nonspread SC signal transmission) limits the performance improvement. Although the impulse response of the
MMSE-FDE circular filter is concentrated in the immediate
vicinity of τ = 0 (see Fig. 7), it is still spread over a relatively wide range of time. This causes residual IBI even after application of the overlap FDE. The residual ICI and IBI
can be suppressed by repeating joint MMSE-FDE and ICI
cancellation a suﬃcient number of times and selecting the
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(a) Transmitter

(b) Receiver
Fig. 11

Fig. 10

Transmission system model of SC with FSE.

Throughput performance of DS-CDMA with overlap FDE.

middle M-chip portion from the Nc -chip block [35]. If the
ICI is suﬃciently suppressed, the MMSE weight approaches
the MRC weight. The impulse response of the MRC-FDE
circular filter is given by h MRC−FDE (τ) = h∗ (−τ). Therefore,
the use of the MRC weight gives the matched filter bound
(the IBI is spread only within the maximum time delay, τmax ,
of the channel and hence the residual IBI can be perfectly
removed).
5.2 Fractionally Spaced FDE (FSE)
Fractionally spaced FDE (called FSE in this paper) was proposed to oﬀer further performance improvement of OFDM
[39] and SC [40], [41]. OFDM with conventional FDE cannot obtain the frequency diversity gain since each data symbol is transmitted on a single subcarrier. However, the use
of FSE can achieve the frequency diversity gain [39]. How
the FSE can be applied to SC is presented in [40]. In [40], a
zero-forcing FSE is considered and it is shown that a certain
freedom exists in the choice of the equalizer coeﬃcients.
This freedom is then utilized to minimize the influence of
additive noise at the detector input. The frequency diversity
gain acquired through this approach depends on the signal
spectral shape and its excess bandwidth.
In [41], a general case of G-oversampling FSE is considered, where G is a positive integer, and the optimum FDE
weight is derived based on ZF and the MMSE criteria. Figure 11 illustrates the transmission system model of SC with
G-oversampling FSE. Below, the G-oversampling FSE is
described.
The transmit symbol block can be written as

Nc −1
2E s 
sq δ(t − qT s ),
(30)
s(t) =
T s q=0
where sq is the q-th data symbol and T s is the symbol duration. After inserting an Ng -symbol CP into the GI, the

Fig. 12

Transmit spectrum and G-oversampling FSE for SC (G = 3).

transmit symbol block is input to the transmit filter with impulse response hT (τ). The transmitted signal, x(t), is written
as

(31)
x(t) =
s(t − τ)hT (τ)dτ.
The Fourier transform of s(t) is a periodic
function with pe
riod 1/T s and can be expressed as m S ( f − m/T s ), where
S ( f ) is defined over −1/(2T s ) ≤ f < 1/(2T s ). Fourier transform X( f ) of x(t) is given by
 +∞
x(t) exp(− j2π f t)dt
X( f ) =
−∞

 
m
1
HT ( f )
S f−
=
,
(32)
Ts
Ts
m
where HT ( f ) is the Fourier transform of hT (τ). As can
be understood from Eq. (32), multiple copies of the signal
spectrum are transmitted simultaneously. This can be utilized to achieve the additional frequency diversity gain at
the receiver by oversampling the received signal as shown
in Fig. 12.
At the receiver, matched filter h∗T (−τ) is used. The received signal is sampled at rate G/T s . The received signal
sampled at t = (q + g/G)T s , q = 0 ∼ (Nc − 1) and g =
0 ∼ (G − 1), is given by
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r(t) =

s(t − τ)h̃(τ)dτ + n(t),

(33)

where h̃(τ) is the impulse response of the composite channel
(transmit filter + propagation channel + receive filter). Assume that h̃(τ) is limited within the GI. Since s(x) = 0 if x
is not an integer, Eq. (33) can be expressed using the matrix
form as


 
"T
1
1
g!
, · · · , r Nc −
r = r(0), r
,··· ,r q+
G
G
G


= h Us + n ,
(34)
where h is a GNc × GNc circulant matrix of the composite
channel impulse response, s = [s0 , . . . , sq , . . . , sNc−1 ]T is the
transmitted symbol vector, and n = [n(0), n(1/G), . . . , n(q +
g/G), . . . , n(Nc − 1/G)]T is the noise vector. U is called the
expander matrix of size GNc × Nc , whose G × k-th row is the
k-th row of the Nc × Nc identity matrix I and the other rows
are zero. Similar to h in Eq. (5), the circulant matrix h can
be expressed as h = FGH H FG , where FG is a GNc × GNc
FFT matrix and H = diag{H(0), . . . , H(k), . . . , H(GNc −1)}.
Therefore, Eq. (34) can be rewritten as
r = As + n .

(35)

with A = FGH H FG U. In Ref. [39], the FSE multiplies r by
AH and replaces H with W . The FSE output vector, ŝ, is
the estimate of the transmitted symbol vector s and is given
by


(36)
ŝ = U H FGH W  FG r ,
where W = diag{W(0), . . . , W(k), . . . , W(GNc − 1)} is the
FDE weight matrix. Since
⎡ ⎤
⎢⎢ I ⎥⎥
1 ⎢⎢⎢⎢ . ⎥⎥⎥⎥
FG U = √ ⎢⎢⎢ .. ⎥⎥⎥ F,
(37)
G ⎢⎣ ⎥⎦
I
Eq. (36) can be rewritten as
ŝ =


1 H  
F W 0 H 0 + · · · + W  g H g + · · · + W G−1 H G−1
G


1
· FG s + √ FH W  0 ,· · · ,W  g , · · · , W G−1 FG n , (38)
G

where H g =diag{H(gNc ), . . . , H((g + 1)Nc − 1)} and W  g =
diag{W(gNc ), . . . , W((g + 1)Nc −1)} for g = 0 ∼ G − 1.
Equation (38) shows that the received multiple copies
of the original signal spectrum are added together. The spectrum distortion due to the channel frequency selectivity can
be suppressed by adding the multiple copies of the spectrum,
thereby achieving a higher frequency diversity gain.
6.

Residual Inter-Symbol Interference (ISI) Cancellation

Although one-tap MMSE-FDE can significantly improve

Fig. 13 MMSE-FDE and residual ISI cancellation. Uncoded
transmission case.

the BER performance of SC signal transmission, a big performance gap still exists from the theoretical lower bound.
This is due to the presence of residual ISI after MMSEFDE. A residual ISI cancellation technique can be introduced into MMSE-FDE to improve the BER performance.
The receiver structure of joint MMSE-FDE and residual ISI
cancellation is illustrated in Fig. 13.
The frequency-domain received signal, R̂, after FDE is
given by Eq. (13). The replica of the residual ISI vector M is
generated and subtracted from R̂. MMSE-FDE and residual
ISI cancellation can be repeated in an iterative fashion so as
to improve the accuracy of the ISI replica generation. The
i-th iteration is described below.
After performing MMSE-FDE using weight matrix
W (i) = diag{W (i) (0), · · · , W (i) (k), · · · , W (i) (Nc − 1)}, residual
ISI cancellation is performed in the frequency-domain as
(i)

(i)

(i)

R̃ = R̂ − M̃ ,

(39)

(i)

where M̃ is generated as

$
2E s # (i)
(i)
M̃ =
Ĥ − A(i) I Fs̃(i−1)
Ts

(40)

(i)

with Ĥ = W (i) H and s̃(−1) = 0, where s̃(i−1) represents the
soft replica of the transmitted symbol block (which is generated by feeding back the log likelihood ratios (LLRs) obtained at the (i − 1)-th stage). Then, the Nc -point IFFT is
(i)
performed on R̃ to obtain the estimate of the transmitted
symbol vector.
A series comprising joint MMSE-FDE and residual
ISI cancellation, Nc -point IFFT, and data replica generation is repeated a suﬃcient number of times. Finally, datademodulation is carried out to recover the transmitted data.
(i)
The equalization error vector, e(i) , between R̃ and S(=
Fs) is defined as
(i)

e(i) = R̃ − A(i) Fs

! 

2E s
(i)
=
Ĥ −A(i) I F s− s̃(i−1) +W (i) N. (41)
Ts
Since Nc data symbols in a block are independent and identically distributed, the covariance matrix, E[e(i) {e(i) }H ], of e(i)
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is diagonal and its k-th diagonal element is given by
2
2E s  (i)
Ĥ (k) − A(i)  · ρ(i−1)
E[|e(i) (k)|2 ] =
Ts
Nc −1 
2N0 
W (i) (k )2 ,
+
T s k =0

(42)

where ρ(i−1) = E[|s(t)− s̃(i−1) (t)|2 ]. The MMSE weight vector
W (i) minimizes the MSE E[|e(i) (k)|2 ], k = 0 ∼ (Nc −1), for the
given H. By solving ∂E[|e(i) (k)|2 ]/∂W (i) (k) = 0, the MMSE
weight W (i) (k) is derived as [42]
W (i) (k) =

H ∗ (k)
.
ρ(i−1) |H(k)|2 + (E s /N0 )−1

(43)

√
For QPSK data modulation (s(t) = (a(t) + jb(t)) / 2
with a(t) and b(t) = ±1), the soft replica of the t-th symbol,
s̃(i−1) (t), can be generated using the a posteriori probabilities
of a(t) and b(t) as


b(t)λb (t)
1
a(t)λa (t)
+ jb(t) tanh
,
s̃(i−1) (t) = √ a(t) tanh
2
2
2
(44)
where λa (t) and λb (t) are the LLRs of a(t) and b(t), respectively, and tanh x = (e x − e−x ) / (e x + e−x ). Therefore, we
have
ρ(i−1) = E[|s(t) − s̃(i−1) (t)|2

!−2
!−2 "
(i−1)
(i−1)
= E 2 ea(t)λa (t) +1 +2 eb(t)λb (t) +1
. (45)
However, a(t) and b(t) are unknown to the receiver. We replace the ensemble average of Eq. (45) by the average using
the a posteriori probabilities of a(t) and b(t) and further replace it by the block average over an Nc -symbol block. We
obtain [43]
⎡
⎤
N
⎥⎥⎥
c −1 ⎢
(t)
λ(i−1)
(t)

⎢⎢⎢ eλ(i−1)
a
b
2
e
⎢⎢⎢ 
⎥⎥
ρ(i−1) =
+

2 ⎥⎥⎥⎦ . (46)
 (i−1)
2
Nc t=0 ⎢⎣ eλ(i−1)
λb (t)
(t) + 1
a
+1
e
As i increases, the residual ISI gradually reduces and consequently, ρ(i−1) reduces. As a consequence, the MMSE
weight W (i) (k) approaches the MRC weight.
Figure 14 shows the BER performance of MMSE-FDE
using frequency-domain ISI cancellation. It can be seen
from the figure that the residual ISI cancellation significantly improves the BER performance of SC with FDE and
reduces the performance gap from the matched filter bound.
The idea of residual ISI cancellation can also be applied to
DS-CDMA with FDE in order to significantly improve its
BER performance [42].
In the above, an uncoded transmission is assumed and
equalization/residual ISI cancellation is done in an iterative fashion within each received signal block. However, in
a coded transmission system, the above described iterative
equalization/residual ISI cancellation and channel decoding
can be jointly performed using the turbo equalization principle [26].

Fig. 14 BER performance of SC with MMSE-FDE and residual ISI
cancellation.

7.

Channel Estimation (CE)

Accurate estimation of channel gain H(k) and the received
SNR are necessary for MMSE-FDE. Many studies on channel estimation (CE) can be found for OFDM signal transmission. Frequency-domain CE techniques based on the
MMSE and least square (LS) criteria were proposed in [44].
It is shown in [44] that MMSE-CE is superior to LS-CE with
respect to the estimation accuracy, while LS-CE has a lower
complexity level.
The channel impulse response is assumed to be limited within the GI length. This can be utilized by the delay
time-domain windowing technique to improve the channel
estimation accuracy [44].
A pilot-assisted CE with a single 2D (joint time- and
frequency-domains) filter and that with two separated 1D
(independent time- and frequency-domains) filters based on
the MMSE criterion can also be used. The performance of
the joint 2D filter is similar to that for two 1D filters and outperforms the performance of a single 1D filter with respect
to overhead, MSE, and latency [45].
Pilot-assisted CE developed for OFDM cannot be directly applied to SC with FDE. This is because, if a pseudo
noise (PN) sequence is used as the pilot, its amplitude of
the pilot block varies in the frequency-domain over the signal bandwidth and the noise enhancement problem is produced. Of course, the Chu sequence [46], which has a constant amplitude in both the time- and frequency-domains,
can be used as the pilot; however, the number of Chu sequences is limited. Therefore, the use of PN sequence may
be still of practical importance since a large number of pilot
sequences can be generated.
Frequency-domain channel estimation methods for SC
with FDE can be found in [47]. Two diﬀerent approaches
were proposed that use pilot blocks transmitted prior to a
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sequence of data blocks: the first operates independently on
each frequency while the second utilizes the fading correlation across the signal bandwidth. The least mean square
(LMS) and recursive least square (RLS) algorithms are employed to update the channel estimates.
In order to make the channel estimation accuracy almost insensitive to the choice of the PN pilot sequence, the
MMSE-CE was proposed for SC with FDE in [48] and [49].
The k-th frequency component of the received pilot block
can be expressed as

2E s
H(k)P(k) + N(k),
(47)
R(k) =
Ts
where P(k) and N(k) are the k-th frequency component of
the
√ pilot block and the noise due to the AWGN, respectively.
2E s /T s H(k) is unknown to the receiver. MMSE-CE is employed to obtain channel estimate H(k) as
H(k) = X(k)R(k).

Fig. 15 MMSE-CE with delay time-domain windowing and decision
feedback.

(48)

Since P(k) is not constant, spectrum nulls in the pilot spectrum sometimes occur. For MMSE-CE, estimation error
√
e(k) between 2E s /T s H(k) and H(k) is defined as
%
(49)
e(k) = H(k) − 2E s /T s H(k).
The optimum X(k) that minimizes the MSE E[|e(k)|2 ] for the
given P(k) can be derived
∂E[|e(k)|2 ]/∂X(k) = 0

 by solving
(under the condition E |H(k)|2 = 1) as
X(k) =

|P(k)|2

P∗ (k)
.
+ (E s /N0 )−1

(50)

The MMSE channel estimator for SC with FDE in an
ultra-wideband (UWB) channel is derived in [48], which
provides only a small degree of performance degradation
compared to the perfect channel estimation case. An extension of the frequency-domain MMSE channel estimation
to DS-CDMA with FDE is shown in [49]. Even if MMSECE is used, the channel estimate is perturbed by the noise
due to the AWGN. The delay time-domain windowing technique can be used to reduce the noise. A higher tracking
ability against time-varying channel can be achieved by decision feedback of the previous block decision results.
Figure 15 shows the structure of MMSE-CE using the
delay time-domain windowing and decision feedback. The
actual channel impulse response is limited within the GI
length while the noise due to the AWGN is uniformly distributed over the entire delay time range. Therefore, the
noise can be suppressed by replacing the estimated channel
impulse response with zeros (or zero-padding) beyond the
GI. After applying the Nc -point FFT, the improved channel
gain estimate, H̃(k), is obtained as
H̃(k) =

N
c −1

k =0

where

H(k )ω(k − k ),

(51)

Fig. 16

BER performance of MMSE-CE.



Ng


sin π x
Ng − 1
Nc
1

 exp jπ
ω(x) =
x .
Nc
Nc
1
sin π x
Nc

(52)

However, when decision feedback is used, decision error
propagates. To eliminate the error propagation, low-pass filtering can be applied to past channel estimates.
The BER performances of SC with FDE using pilotassisted ZF-CE, i.e., X(k) = 1/P(k), and MMSE-CE with
delay time-domain windowing are plotted in Fig. 16. One
pilot block is followed by 16 QPSK data blocks. A PN
sequence is used for the pilot. The BER performance of
ZF-CE degrades due to the existence of the pilot spectrum
nulls. On the other hand, MMSE-CE is not sensitive to the
pilot spectrum shape and hence, provides better BER performance. The BER performance without delay time-domain
windowing is plotted for comparison in Fig. 16. The figure shows that the delay time-domain windowing technique
reduces the noise and significantly improves the BER performance.
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The GI insertion can be utilized to achieve good channel estimation in a fast-fading environment since it is contained in every block. A known short pilot sequence whose
length is equal to the GI is appended as a suﬃx to every
data block before inserting a CP into the GI. Since the suﬃx
of the previous block acts as the CP of the present block,
channel estimation can be done by using the Ng -point FFT
(where Ng is the GI length) and frequency-domain interpolation [50]. Also, joint data detection and channel estimation can be performed after the Nc -point FFT [51]. The
data block imparts severe interference to the channel estimate and iterative channel estimation becomes necessary;
however, only the use of two iterations is suﬃcient.

where Wm (k) is the joint FDE/diversity combining weight
based on the MMSE criterion and is given by [54]

8.

8.1.2 Transmit Antenna Diversity

MIMO Applications for SC with FDE

MIMO antenna techniques can be used to achieve improved transmission performance and higher throughput
without bandwidth expansion [52]. MIMO techniques can
be roughly classified into three categories: antenna diversity,
adaptive antenna array (AAA), space division multiplexing
(SDM). FDE can be jointly used with the above MIMO techniques to improve further the SC transmission performance
in a strong frequency-selective channel.
8.1 Antenna Diversity
8.1.1 Receive Antenna Diversity
The antenna diversity technique can increase the received
SNR and hence improve the transmission performance.
There are two types of antenna diversity: receive antenna
diversity and transmit antenna diversity. Receive antenna
diversity has been successfully used in practical systems.
The joint use of FDE and antenna diversity for SC signal
transmission has been studied in [53] and [54].
Figure 17 shows the receiver structure of joint FDE and
Nr -antenna diversity combining. After the removal of the
GI, the Nc -point FFT is applied to transform the received
signal block, {rm (t); t = 0 ∼ (Nc − 1)}, of the m-th receive
antenna into the frequency-domain signal {Rm (k); k = 0 ∼
(Nc − 1)}, m = 0 ∼ (Nr − 1). Joint FDE and antenna diversity
combining can be done as
R̂(k) =

N
r −1


Wm (k)Rm (k),

Wm (k) =

Hm∗ (k)
N
r −1


,

(54)

−1

|Hm (k)| + (E s /N0 )
2

m =0

where Hm (k) is the channel gain associated with the m-th
receive antenna.
Figure 18 plots the achievable average BER performance. Both frequency diversity gain and space diversity
gain can be achieved. As Nr increases, the BER performance consistently improves.

Transmit antenna diversity is attractive for downlink applications since it can alleviate the complexity problem of mobile receivers. The well-known type of transmit antenna diversity is space-time block coded transmit diversity (STTD)
[55] to achieve the space diversity gain. Cyclic delay transmit diversity (CDTD) is another well-known transmit diversity technique to achieve a large frequency diversity gain
even in a weak frequency-selective channel [56], [57]. Both
STTD and CDTD do not require channel state information
(CSI) on the transmitter side.
To perform joint FDE/STTD decoding at the receiver,
multiple consecutive signal blocks are encoded in the
frequency-domain at the transmitter [53], [58], [59]. For Nt
= 2-antenna frequency-domain STTD encoding, two consecutive (even and odd) signal blocks, {se (t); t = 0 ∼ (Nc −1)}
and {so (t); t = 0 ∼ (Nc − 1)}, are transformed using the Nc point FFT into two (even and odd) frequency-domain signals, {S e (k); k = 0 ∼ (Nc − 1)} and {S o (k); k = 0 ∼ (Nc − 1)},
respectively. Nt = 2-antenna frequency-domain STTD encoding is given in Table 1. After frequency-domain STTD

(53)

m=0

Fig. 17

Receiver structure of joint FDE/antenna diversity combining.

Fig. 18

BER performance of joint FDE/antenna diversity combining.

ADACHI et al.: INTRODUCTION OF FREQUENCY-DOMAIN SIGNAL PROCESSING TO BROADBAND SINGLE-CARRIER TRANSMISSIONS

2801
Table 1

Frequency-domain STTD encoding.

Fig. 20

Table 2

Equivalent time-domain STTD encoding.

Transmitter structure of CDTD for the case of Nc = 8 symbols.

Hm,n (k)

Wm,n (k) =

(57)

N
1
r −1 


1
|Hm ,n (k)|2 + (E s /N0 )−1
2 m =0 n =0
with Hm,n (k) being the channel gain between the n-th transmit antenna and the m-th receive antenna. Hm,n (k) is given
as


L−1

τl
Hm,n (k) =
hm,n,l exp − j2πk
,
(58)
Nc
l=0

Fig. 19

Equivalent time-domain STTD encoding.

encoding, the Nc -point IFFT is used to obtain the timedomain STTD encoded signal blocks. The transmit power
from each antenna is halved to keep the total transmit power
the same.
The above frequency-domain encoding requires Nc point FFT and IFFT operations. An equivalent time-domain
STTD encoding that requires no FFT and IFFT operations
can be derived using
⎧ N


−1
⎪
k
1 c
⎪
⎪
∗
⎪
S e (k) exp j2πt
= s∗e ((Nc − t) mod Nc )
⎪
⎪
⎪
Nc
⎪
⎨ Nc k=0
. (55)
⎪


N
⎪
c −1

⎪
⎪
1
k
⎪
∗
∗
⎪
⎪
S o (k) exp j2πt
= so ((Nc − t) mod Nc )
⎪
⎩ Nc
Nc
k=0
The equivalent time-domain STTD encoding is given in Table 2 and is illustrated in Fig. 19.
At the receiver, after the removal of the GI, the even
and odd signal blocks received at the m-th receive antenna
are transformed using the Nc -point FFT into two (even and
odd) frequency-domain signals, {Re,m (k); k = 0 ∼ (Nc − 1)}
and {Ro,m (k); k = 0 ∼ (Nc − 1)}, m = 0 ∼ (Nr − 1). Nt =
2-antenna STTD decoding is carried out jointly with FDE
and antenna diversity combining as
⎧
N
r −1 


⎪
⎪
⎪
∗
⎪
(k)
=
(k)Re,m (k) + Wm,1 (k)R∗o,m (k)
Wm,0
R̂
⎪
e
⎪
⎪
⎪
⎨
m=0
, (56)
⎪
N
⎪
r −1 

⎪

⎪
⎪
∗
∗
⎪
⎪
Wm,1 (k)Re,m (k) − Wm,0 (k)Ro,m (k)
⎪
⎩R̂o (k) =
m=0

where Wm,n (k), n = 0 or 1, is the MMSE weight given by

where hm,n,l represents the l-th path gain.
Finally, the Nc -point IFFT is applied to {R̂e (k)} and
{R̂o (k)} to obtain the time-domain signal blocks for data demodulation.
For CDTD [60], [61], the same signal block is simultaneously transmitted from diﬀerent transmit antennas after adding diﬀerent cyclic delays as shown in Fig. 20. The
transmitted signal block from the n-th transmit antenna (n =
0 ∼ (Nt − 1)) is given by

2E s
sn (t) =
s((t − nΔ) mod Nc ),
(59)
Nt T s
where nΔ is the cyclic delay. At the receiver, the Nc -point
FFT is applied to the signal block received at the m-th
antenna to transform it into the frequency-domain signal,
{Rm (k); k = 0 ∼ (Nc − 1)}. One-tap FDE is carried out as
Ŝ (k) =

N
r −1


Wm,CDT D (k)Rm (k),

(60)

m=0

where Wm,CDT D (k) is the MMSE-FDE weight given by [60].
Wm,CDT D (k) =

∗
Hm,CDT
D (k)
N
r −1


.

(61)

|Hm ,CDT D (k)|2 + (E s /N0 )−1

m =0

In Eq. (61), Hm,CDT D (k) is the CDTD channel gain associated with the m-th receive antenna and is given as
Hm,CDT D (k) =

N
L−1
t −1 

n=0 l=0



nΔ + τl
hm,n,l exp − j2πk
. (62)
Nc

The BER performances of STTD and CDTD are plotted with Nt as a parameter in Fig. 21. A frequency-selective
block Rayleigh fading channel having a sample-spaced L =
16-path exponential power delay profile with decay factor
β is assumed. Also assumed is that Nc = 256, Ng = 32,
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Fig. 22 Receiver structure of frequency-domain AAA using Nr
antennas.

(a) β = 0 dB

spectrum. The presence of co-channel interference (CCI)
degrades the transmission performance. The AAA technique [63], [64] can be used to suppress the CCI and increase the received signal-to-interference plus noise power
ratio (SINR). AAA using the pre-FFT weight originally proposed for OFDM signal transmission can be applied to SC
with FDE [65]. AAA using the pre-FFT is equivalent to an
AAA that uses the same array weight for all frequency components in the frequency-domain (this AAA is called the
frequency-domain AAA in this paper) and hence, a computationally eﬃcient implementation is possible. The average
CCI power minimization criterion is used to determine the
array weight in the frequency-domain [66], [67].
Figure 22 illustrates the receiver structure of frequencydomain AAA using Nr antennas. At the receiver, after the
removal of the GI, the Nc -point FFT is applied to transform
the received signal block into the frequency-domain signal,
{Rm (k); k = 0 ∼ (Nc − 1)}, which can be expressed using the
matrix form as
R(k) = [R0 (k), · · · , Rm (k), . . . , RNr −1 (k)]T

2E s
=
H(k)S (k) + Π(k) + N(k),
Ts

(b) β = 5 dB
Fig. 21

Performance comparison between STTD and CDTD.

coherent QPSK data-modulation, and ideal channel estimation. The STTD can achieve the Nt -th order diversity irrespective of the channel selectivity, thereby yielding better
BER performance than CDTD. CDTD enhances the channel frequency-selectivity to improve the BER performance
through MMSE-FDE. However, CDTD is inferior to STTD.
The performance degradation of CDTD compared to that
for STTD is mainly due to the presence of residual ISI after
FDE. The residual ISI cancellation technique can be applied
to improve the BER performance of CDTD [62].
8.2 Adaptive Antenna Array (AAA)
In a cellular system, the same carrier frequency is reused
in diﬀerent base stations to utilize eﬃciently the limited

(63)

where H(k) = [H0 (k), . . . , Hm (k), . . . , HNr−1 (k)]T is the
channel gain vector. Π(k) and N(k) denote the CCI vector and the noise vector, respectively. Since the same array weight vector, warray = [w0 , . . . , wm , . . . , wNr−1 ]T , is used
for all frequencies, very fast weight convergence can be
achieved even if the simple normalized LMS (NLMS) algorithm [68] is used. The array combiner output R̃(k), k =
0 ∼ (Nc − 1), is given as
R̃(k) = wTarray R(k)

(64)

with ||warray ||2 = 1, where ||.|| denotes the vector norm.
MMSE-FDE is carried out as
R̂(k) = WFDE (k)R̃(k),
where WFDE (k) is the MMSE-FDE weight given by
∗

wTarray H(k)
WFDE (k) = T
|warray H(k)|2 + (E s /I0 )−1

(65)

(66)

with I0 being the average CCI plus noise power spectrum
density.
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Fig. 24

Transmitter/receiver structure of (Nt , Nr ) MIMO SDM.

all frequency components. This result indicates that the application of frequency-domain AAA is limited to a propagation environment where no major scatterers exist near the
receiver, e.g., the uplink signal reception at a high-elevation
base station.
8.3 MIMO SDM

Fig. 23

BER performance of frequency-domain AAA. Single-cell case.

The weight updating can be done in the frequency direction using the NLMS algorithm. The q-th weight updating can be done as
(q)
w̃array
= w(q−1)
array + 2μe(k)

R∗ (k)
||R(k)||2

(67)

with
(q)
=
warray

(q)
w̃array
(q)
||w̃array
||

,

(68)

where k = q mod Nc and e(k) is the error signal between

T
√
H(k)P(k),
R̃(k) and the reference signal 2E s /T s w(q−1)
array
and is given by

2E s  (q−1) T
e(k) = R̃(k) −
(69)
warray H(k)P(k)
Ts
with P(k) being the k-th frequency component of the pilot
block. Note that warray does not need to track the fading.
Tracking against the fading is a task for FDE. Furthermore,
the weight updating can be done as many as Nc times during one pilot block. Because of this, very fast weight convergence can be achieved despite using the simple NLMS
algorithm.
Figure 23 plots the BER performance of frequencydomain AAA with the arrival angle spread θ (degree) of the
propagation paths as a parameter, assuming Nc = 1024, Nr =
4, and U = 4 (4 active users). A single-cell environment is
assumed. The directions of the arrival angles (DOAs) of the
four users are 60 (desired user), 120, 162, and 330 degrees.
When θ = 0, BER performance better than that for the single
user case can be obtained due to the array gain. However,
as θ increases, the BER performance degrades. This is due
to the insuﬃcient degree of freedom of frequency-domain
AAA, resulting from the use of the same array weight for

Although the demand for broadband data services will be
high in future wireless communication systems, the available bandwidth is limited. SDM is widely accepted as a
promising technique to achieve highly spectrum-eﬃcient
signal transmission [52]. In SDM, diﬀerent data streams
are transmitted in parallel from diﬀerent transmit antennas
using the same carrier frequency. At each receive antenna,
a superposition of data streams transmitted from diﬀerent
antennas is received. Various signal separation/detection
schemes have been proposed such as maximum likelihood
detection (MLD) [4], ZF detection [4], MMSE detection [4],
and vertical-Bell Laboratories layered space-time architecture (V-BLAST) [69].
The BER performance of SC signal transmission degrades due to the presence of ISI in a strong frequencyselective channel. Therefore, the receiver must perform two
tasks: channel equalization and signal separation/detection.
In [70], [71], an adaptive MMSE-FDE is presented for SCMIMO systems. The interference cancellation (IC) technique can provide much improved performance compared to
the MMSE-FDE based technique. In [72], two SC-MIMO
architectures using IC are proposed. The first architecture
combines the conventional FDE with time-domain decision
feedback equalization and the second architecture combines
FDE with parallel IC (FDE-PIC). The introduction of iterative processing into IC provides much improved performance. The frequency-domain iterative PIC combined with
MMSE-FDE is proposed in [73].
Let us consider (Nt , Nr ) MIMO SDM using the iterative PIC combined with 2D-MMSE FDE (called iterative
FDIC). Figure 24 illustrates the transmitter/receiver structure of (Nt , Nr ) SC-MIMO. The data-modulated symbol
stream is serial-to-parallel (S/P) converted into Nt parallel
streams {dn (t); t = 0 ∼ (Nc − 1)}, n = 0 ∼ (Nt − 1). After
inserting the CP into the GI, Nt parallel streams are transmitted simultaneously from Nt transmit antennas.
At a receiver, after the removal of the GI, the received
signal block {rm (t); t = 0 ∼ (Nc − 1)} at the m-th (m = 0 ∼
(Nr − 1)) receive antenna is transformed using the Nc -point
FFT into the frequency-domain signal {Rm (k); k = 0 ∼(Nc −
1)}. The frequency-domain received signal vector R(k) =
[R0 (k), · · · , Rm (k), · · · , RNr −1 (k)]T is expressed as
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Fig. 25

Iterative FDIC.

R(k) = H(k)S(k) + N(k)
⎡
⎤
...
H0,Nt −1 (k) ⎥⎥
⎢⎢⎢ H0,0 (k)
⎥⎥⎥
⎢⎢⎢
..
⎥⎥⎥
⎢⎢⎢
.

⎥⎥⎥
⎢
⎥⎥⎥
2E s ⎢⎢⎢⎢
..
..
⎢⎢⎢
⎥⎥⎥
=
.
H
(k)
.
m,n
⎥⎥⎥
T s ⎢⎢⎢
⎢⎢⎢
⎥⎥⎥
..
⎢⎢⎢
⎥⎥⎥
.
⎣
⎦
HNr −1,0 (k)
···
HNr −1,Nt −1 (k)
⎤ ⎡
⎤
⎡
⎢⎢⎢ S 0 (k) ⎥⎥⎥ ⎢⎢⎢ N0 (k) ⎥⎥⎥
⎥
⎥⎥⎥
⎢
⎢⎢⎢
⎥⎥⎥ ⎢⎢⎢
..
..
⎥⎥⎥
⎢⎢⎢
⎥
⎢
.
.
⎥
⎢
⎥⎥⎥⎥ ⎢⎢⎢⎢
⎥⎥
⎢⎢⎢⎢
(70)
× ⎢⎢⎢ S n (k) ⎥⎥⎥ + ⎢⎢⎢ Nm (k) ⎥⎥⎥⎥⎥ ,
⎥⎥⎥ ⎢⎢⎢
⎥⎥⎥
⎢⎢⎢
.
.
⎥⎥⎥ ⎢⎢⎢
⎥⎥⎥
⎢⎢⎢
..
..
⎥⎦ ⎢⎣
⎥⎦
⎢⎣
S Nt −1 (k)
NNr −1 (k)
where H(k) is an Nr × Nt channel matrix, S(k) is an Nt × 1
signal vector that has been transmitted from the Nt transmit
antennas, and N(k) is an Nt × 1 noise vector. At the i-th
iteration stage in iterative FDIC (see Fig. 25), MMSE-FDE
is first carried out as
(i)

R̂ (k) = {W (i) (k)}T R(k)

where I is an Nr × Nr identity matrix, Hn (k) is the n-th
column vector of Nr × Nt channel gain matrix H(k), and
(i)
Gn(i) (k) = diag{g0(i) (k), · · · , gn(i) (k), · · · , g(i)
Nt −1 (k)} with gn (k)
reflecting the interference from the n -th antenna (n = 0 ∼
(Nt − 1)). Note that gn(i) (k) corresponds to the residual ISI
and IAI when n = n and n  n, respectively.
The residual IAI and ISI replicas are generated by feeding back the signal block replicas, {S̃ n(i−1) (k)}, n = 0 ∼
(Nt − 1), obtained from the (i − 1)-th iteration and are subtracted from R̂n(i) (k) as
N
t −1


M̃n(i) (k),

n =0

where M̃n(i) (k) is the IAI or ISI replica given by

(73)

Throughput performance of (4,4) MIMO SDM with iterative

⎧
⎪
2E s (i)
⎪
⎪
⎪
Ĥn (k)S n(i−1) (k), if n  n
⎪
⎪
⎪
T
⎨
M̃n(i) (k) = ⎪
 s
⎪
 (i−1)
⎪
2E s  (i)
⎪
(i)
⎪
⎪
⎪
⎩ T Ĥn (k) − An S n (k), if n = n
s
(74)
with

(71)

to suppress the inter-antenna interference (IAI) and ISI simultaneously, where W (i) (k) is an Nr × Nt MMSE weight
matrix. Its n-th (n = 0 ∼(Nt − 1)) column vector W n(i) (k) is
given as

−1
W n(i) (k) = HnH (k) H(k)Gn(i) (k)H H (k) + (E s /N0 )−1 I , (72)

R̃n(i) (k) = R̂n(i) (k) −

Fig. 26
FDIC.

⎧
Nc −1 
⎪
T
⎪
1 
(i)
⎪
⎪
⎪
W n(i) (k) Hn (k)
⎨An = N
c k=0
⎪
⎪
⎪


⎪
⎪
⎩Ĥ (i) (k) = W (i) (k) T H (k)
n
n
n

(75)

The LLR for each transmitted bit is computed [73],
from which the signal block replicas, {S̃ n(i) (k); k = 0 ∼
(Nc − 1)}, n = 0 ∼ (Nt − 1), are generated for the next iteration. The above operations are repeated a suﬃcient number
of times to suppress suﬃciently the IAI and ISI.
The HARQ throughput performance of (4,4)MIMO
SDM with iterative FDIC (i = 4) is plotted in Fig. 26 as a
function of the average received E s /N0 per receive antenna.
Nr × Nt channels are independent Rayleigh fading channels
having an L = 16-path uniform power delay profile. Iterative
FDIC significantly improves the throughput performance.
In the above iterative FDIC, equalization/interference
cancellation is done in an iterative fashion within each received signal block. However, according to the turbo equalization principle [26], the above iterative FDIC can be incorporated into the HARQ processing to achieve higher
throughput by iteratively performing joint equalization, interference cancellation, and channel decoding.
9.

Frequency-Domain Pre-Equalization

The use of FDE at a receiver (called FDE reception) is an effective technique for improving the SC signal transmission
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(a) Transmitter
Fig. 27

(b) Receiver

Transmitter/receiver structures of SC with pre-FDE.

performance in a frequency-selective channel [11]. Another
FDE technique is frequency-domain pre-equalization (preFDE) transmission [74], [75]. References [76] and [77] introduce pre-FDE into the SC signal transmission. Pre-FDE
can be combined with MIMO-SDM [78], [79].
Figure 27 shows the transmitter/receiver structure of
SC with pre-FDE [76], [77]. Both pre-FDE for the transmission and FDE for the reception can be implemented at
the base station to alleviate the complexity problem of mobile terminals. To perform pre-FDE, the channel state information (CSI) is necessary at the transmitter. Assuming
a time division duplex (TDD) system [80], the same carrier
frequency is used for both transmit and receive channels;
therefore, the channel estimate for FDE reception can be
reused for pre-FDE transmission.
Pre-FDE transmission requires FFT and IFFT operations at the transmitter. The Nc -point FFT is applied to transform the transmit symbol vector s =
[s(0), . . . , s(k), . . . , s(Nc − 1)]T into the frequency-domain
transmit signal vector S = [S (0), . . . , S (k), . . . , S (Nc − 1)]T .
After multiplying the complex-valued weight matrix W
= diag{W(0), . . . , W(k), . . . , W(Nc − 1)}, the pre-equalized
time-domain signal vector s pre−FDE is obtained using the Nc point IFFT as

2E s
s pre−FDE =
C · FH WS,
(76)
Ts
where F is an Nc × Nc FFT matrix, S = Fs, and C = WS −1
N −1
−1/2
c
= k=0
is the transmit power normaliza|W(k)S (k)|2
tion factor so as to always keep the block averaged transmit powers after and before pre-FDE the same. Using the
MMSE weight matrix, the k-th element, W(k), of W is given
by [77]
W(k) =

H ∗ (k)
.
|H(k)|2 + (E s /N0 )−1

(77)

After inserting the CP into the GI, the pre-equalized
signal is transmitted over a frequency-selective channel.
The received signal vector, r = [r(0), . . . , r(t), . . . , r(Nc −
1)]T , after removal of the GI is given as
r = hs pre−FDE + n,

(78)

where h is the circulant channel impulse response matrix
given by Eq. (6) and n is the Nc × 1 noise vector.
Since h = FH HF, Eq. (78) can be rewritten as
r = FH HFs pre−FDE + n

2E s
C · FH HWFs + n.
=
Ts

(79)

Fig. 28 Performance comparison between pre-FDE transmission and
FDE reception.

Similar to Eq. (20), Eq. (78) can be further rewritten as

2E s
r=
C · A · s + FH M + n,
(80)
Ts
where A is the average equivalent channel gain and M is the
frequency-domain residual ISI vector of size Nc × 1 and they
are given as
⎧
Nc −1
⎪
⎪
1 
⎪
⎪
⎪
H(k)W(k)
A
=
⎪
⎪
⎪
Nc k=0
⎪
⎨
.
(81)
⎪
⎪

⎪
⎪
⎪
⎪
2E s
⎪
⎪
⎪
C (HW − A · I) Fs
⎩ M=
Ts
Therefore, the received signal vector r can be the estimate ŝ
of the transmitted symbol vector s. Comparison of Eqs. (20)
and (80) shows that pre-FDE transmission provides the desired signal component and residual ISI identical to the FDE
reception.
The BER performance of pre-FDE transmission and
FDE reception are compared in Fig. 28. We assume Nc
= 256, Ng = 32, QPSK data-modulation, and frequencyselective block Rayleigh fading channel with a samplespaced L = 16-path uniform power delay profile. Channel
estimation is assumed to be ideal. The figure shows that preFDE transmission and FDE reception provide the identical
performance. This clearly illustrates the potential of preFDE transmission for its application to the downlink (baseto-mobile).
10.

Conclusion

In future wireless communication systems, broadband data
services will be in demand and the wireless channel will
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become severely frequency-selective. Therefore, the multicarrier (MC) transmission technique has been attracting
much attention. However, it has been proven that the singlecarrier (SC) signal transmission with frequency-domain
equalization (FDE) can provide very attractive transmission
performance. Many investigations have been done on SC
with FDE. In this article, we reviewed SC with FDE. The
principle of simple one-tap FDE, residual ISI cancellation,
channel estimation, and MIMO technique were introduced.
Both MC and SC signal transmission techniques can be applied to future wireless communication systems.
Broadband data transmission requires prohibitively
high transmit powers from mobile terminals. This cannot
be allowed in practical systems. The power problem is an
important issue to address as well as the frequency-selective
channel problem in order to achieve frequency and power efficient future wireless communication systems. Many interesting research topics remain regarding SC with FDE. They
include distributed antenna technique and multihop relaying to reduce the transmit power while achieving frequency
diversity gain through the simple one-tap FDE.
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